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Abstract

We present a fairly general method for finding
deterministic constructions obeying what we call k-
restrictions; this yields structures of size not much
larger than the probabilistic bound. The structures
constructed by our method include (n, k)-universal sets
(a collection of binary vectors of length n such that for

any subset of size k of the indices, all 2% configurations
appear) and families of perfect hash functions. The
near-optimal constructions of these objects imply the
very efficient derandomization of algorithms in learn-
ing, of fired-subgraph finding algorithms, and of near
optimal XIIY threshold formulae. In addition, they
derandomize the reduction showing the hardness of ap-
proximation of set cover. They also yield determinis-
tic constructions for a local-coloring protocol, and for
erhaustive testing of circuits.

1 Introduction

Research conducted over the last decades has
demonstrated the significance of the Probabilistic
Method and of probabilistic algorithms and proce-
dures (see [6, 2 for recent revie s of these achieve-
ments) o ever, there are many reasons hy one
should not be satisfied ith a probabilistic construc-
tion of an ob ect or ith a probabilistic algorithm

his is especially true in cases here there is no pro-
cedure for chec ing the correctness of the result  Iso,
probabilistic algorithms often behave less satisfacto-
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rily than deterministic ones under recursion, since this
can re uire resource-e pensive boosting of the success
probability  ence, a lot of e ort has been devoted to
finding ays of removing randomness from algorithms
nfortunately, the resulting algorithm is often much
less e cient than the original one ceptions to this
are, e.g., the results of [ , |, 2 | here there is no
significant penalty in time (or number of processors,
in the case of parallel algorithms)
he goal of this paper is to present a fairly gen-
eral method for constructing some combinatorial ob-
ects hich e call k-restriction collections I k-
restriction problems have a probabilistic construction
obtained by pic ing a random collection of vectors
ne can sho a wunion bound for such a collection
(see ection ), and our method achieves determin-
istic constructions of si es close to that of the union
bound  hese constructions in turn allo us to remove
the randomness from a large variety of algorithms
k-restriction problem is, roughly spea ing, a collection
of vectors of length n over an alphabet of si e such
that for any k out the n indices, e ill find some
nice configurations see ection 2 2 for the formal
definition
t the heart of our method are splitters an
(n,k, )-splitter is a family of functions from
, ,n to , , such that for all R )
ith k, there is a that splits  perfectly,
ie,into e ual-si ed parts ( () , .2,
(or as e ual as possible, if does not divide k)  plit-
ters themselves fall into the category of k-restriction
problems for hich our construction is applicable the
alphabet si e is  and each vector corresponds to a
function , here the th entry of the vector is ()
he nice configurations for a specified k-set are
therefore those here each letter in the alphabet ap-
pears the same number of times, hen restricted to

t
e give here a brief overvie of our method tart-
ing ith a universe of si e n, e first reduce our
problem to one ith a universe of si e £ by find-
ing a poly-time computable family of (n,k,k )-
splitters, i e, a family of maps from , ,n

to , ,k such that for every k-si ed subset of
, ,n , there is some function in hich is in ec-
tive on construction for the [k -si ed universe

ill then be pulled bac  to one on the [n -universe,
at a (k) logn cost in the si e of the family
e t e find a poly-time computable family of



(k ,k, ) splitters, typically for logk  his gives
us, for each k-set in [k , a function hich partitions
the k-set into evenly si ed bloc s e then give an
application-dependent construction ithin each bloc
his construction ill be of the same si e guaranteed
by the e istence proof, and its computation 1ill not be
poly-time in the si e of the construction yet it ill be
poly-time in the parameters of the original problem
inally the constructions for the di erent bloc s are
combined into a construction for the [k -universe in
an application-specific manner

rb s

here are several problems (combinatorial struc-
tures) falling into our frame or for hich our method
yields improved and near-optimal bounds  or most
of these problems the improvement is most apparent
hen k (log n) hese problems are defined in
ection 2 2 and their constructions and applications
are described in detail in ection hese k-restriction
problems include the follo ing

(1) are both a means (as mentioned above)
and an end of our or hey are rather basic combi-
natorial ob ects e use them for constructing near-
optimal si e depth- formulae for threshold functions,
in ection this constructivi es the probabilistic
e istential proof of [ n important special case of
splitters is

(i) et  be a family of functions

mapping a domain of si e n into a range of si e k

is an (n, k)-family of perfect hash functions if for all

subsets  of si e k from the domain there is an

that is - on hus these are (n,k, k)-splitters
he union bound sho s the e istence of a family

such that (* klogn), hileitis no n that

(klogn k)[ ,2, , 2  he previously

best- no n e plicit construction (based on [ and

described in [ ), is of sie ( *logn) (this bound
as not made e plicit in these papers)

n section e present a deterministic construc-
tion of si e *k k logn, for this problem Perfect
hash functions have many applications, e.g. in table
loo -up and communication comple ity [ , 26,

he area here our method is most relevant is in
derandomi ing the color-coding method of [ |, here

e obtain deterministic algorithms ith performance
close to the randomi ed ones

(iii) (n, k)

his problem is to con-

struct a small set of vectors , such that
for any inde set ,2, ,n ith k, the
pro ection of on  contains all possible 2* config-

urations he problem originated in the testing of
circuits, since it allo s e haustive testing of a circuit
here each component relies on at most k£ inputs  he
union bound sho s the e istence of (n,k)-universal
sets of si e k2% Inn lo er bound of (2¥Inn) is
no n[2  Previously, the best e plicit construction

as of si e (min k2 *logn,k 2 ¥log n ) [, ,

n section 2 e present a near-optimal determinis-

tic construction of si e 2%k k¥ logn and discuss the
applications of this construction for the fault-tolerance
of the hypercube, learning algorithms, distributive col-
oring, and the hardness of the set-cover problem  n-
other class of structures related to the hardness of set-
cover, anti-universal sets, is discussed in ection
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here is a distinction to be made, hen discussing
e plicit constructions, bet een hat e call local and
global constructions  or instance, if e ere as ed to
construct an undirected graph (, )onn ver
tices satisfying a certain property, e could give a de-
terministic construction hich ould list the edges in
in (n) time e ould call this a globally explicit
construction o ever, a stronger type of construc-
tion is possible given any node , outputting its
neighborhood () in (logn, ()) time this is
hat e ould call a locally explicit construction, and
is  hat is usually called for in the e plicit construc-
tion of dispersers and constant-degree e panders, for
instance learly, local is stronger than global, in anal-
ogy to the distinction bet een log-space and polyno-
mial time
n our conte t of, say, universal test sets and perfect
hash functions, globally e plicit constructions ould
refer to listing out the corresponding families  in
time polynomial in their si e ocally e plicit con-
structions ould ust as for () to be evaluated in
time polynomial in the representation of n, and
ie, (log(n )) ( ere stands for the th func-
tion in the family ,and isanyinde in , ,n
hen applying the construction for removing random-
ness, e re uire only globally e plicit constructions
and hence, in describing our results above, e referred
to globally e plicit ones o ever, e also provide lo-
cally e plicit constructions these too come to ithin

a2 * factor of optimal, but the 2 * term is orse
Abr r ra at

he random choices made by a probabilistic algo-
rithm naturally define a probability space here each
choice corresponds to a random variable o remove
randomness from an algorithm, e need a ay of find-
ing a successful assignment to these choices, determin-
istically

ne such approach, the method of conditional prob-
abilities ([ , 6), is to search the probability space
for a good choice by shrin ing the probability space
at every iteration, by fi ing an additional choice
di erent approach for finding a good point is to sho
that if the random choices satisfy only some limited
form of independence (in hich case e may have a
smaller space), the algorithm is successful  his ap-
proach is ta enin [2 |2, | |

hese t o approaches have been combined in t o
di erent aysin the past,in[,2 ,2 and ]| he
frame or suggested in this paper is a synthesis of
many no n techni ues inding the right combi-
nation for achieving near-optimality seems to be the
main contribution of this or



oo nd d nition

et [n denote theset 2,  'n  or

any k, k  n, the family of k-si ed subsets (or
k-sets) of [n is denoted by
t c a s a bas
r bab t s ac s
et be a probability space ith n random vari-
ables |, , each ta ing values in a finite set

Recall that is called k-wise independent if

for any sk [n, the random variables

are mutually independent ften, as

ill be the case in this paper, it is also assumed that
each  is uniformly distributed in

airly tight bounds are no n on the si e of k-

ise independent spaces there are e plicit construc-

tions of k- ise independent probability spaces of si e

(n~—F) (assuming is prime and n isapo erof

), here ( ) is the alphabet si ¢ n the other
hand, there is a lo er bound of k (), hich for
fi edkis (n* ), forthesi e of such asample space
(see [6, 2, ) n important property of these con-

structions is that it is possible to list all members of
the probability space in linear time
hen , e say that is a k-wise -
biased probablhty space if for any nonempty subset
of [n of si e at most k& e have [
[ ey property of
any k- ise -biased probability space is that
k

bl 3 bl 3 3 bl 3

herefore k- ise -biased probability spaces are de-
scribed as almost k- ise independent or k- ise -
dependent he construction of small-bias spaces due
to[ ,asoptimi edin [ , yields a probability space

(5—) those of [
)
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n instance of a k-restriction problem is speci-
fied by (i) positive integers ,k,n, , and (ii) a list

of si e yield probability spaces

of si e (k

. here each [ * and ith
the collection bemg invariant under permutations of
[k

or a vector (, , , ) [ andasubset

x » ¢say that satisfies the restriction at

it () ( ere () isthe vector ( , , ),

for and e say that a

collection of vectors [ satisfies the constraints
if and there e ists

such that ’E ) n 1mportant parameter of a

k-restriction problem is min e call
k the density of the problem

e no define the problems e deal 1ith in this

paper and e plain hy they fall into the category of

k-restriction problems  ee the introduction for the
definition of splitters, (n,k)-universal sets, and per-
fect hash families

(n,k, ) (ncase does
not divide k, e re uire the first (k mod ) parts to
be of si e k and the remaining ones to be of si e

k) o specify splitters as a restriction problem,

let and let
vectors from [

consist of one set containing all

¥ such that each value in [ appears
2

e actly & times ere, P A

n this case, k and has
e actly one element [k*,  hich contains pre-
cisely all the permutations of [k ence, k and
the density is & k*  ote that perfect hash families
are splitters ith k

(n, k) n this
problem, 2 and consists of 2% sets
for all k1 this case,

n order to prove improved non-appro imability
results for the set-cover problem, eige has recently in-
troduced the follo ingsets [ 6, hich ecall (n,k, )

sets as suggested by ded oldreich
a family of functions from [n to [  here for every k-
set in [n and every vector [ *, there is a function
that disagrees 1ith in every coordinate  ormally,
it is a collection of functions mapping [n to [ such
that

[k ()

n this case consists of * sets

[ * ko

for all [ *  ote that for 2, anti-universal
sets are identical to (n, k)-universal sets o ever for

general , e have ( )k the density is
k

ote that is implicitly presented in all the above
four problems, and hence, e do not need an e plicit
list of the constraints for any of these problems  hus
by (globally) e cient algorithms for these four prob-
lems, e ust mean algorithmsta ing time polynomial
in n and in the output si e

ro 11 tic nd u ti ound
or r triction ro
b r r str ct
rb S
uppose that for a k—restriction problem specified
by , k such that , eat-

tempt a probablhstlc construction fa random vector
[ is chosen and e consider a specific &



and some , then the probability that satis-

fies at  is — — herefore, if e choose

random vectors, e get via the union bound that
the probability that the collection does not satisfy
is bounded above by

[no satisfies at
()
n n
i 5 & + ()

Restricting ( ) to be less than implies that

klnn In
In( k(%))
su ces thus, for any given k-restriction problem of
density , there e ists a solution of at most this si e
e 1l refer to (2) as the union bound  or many
k-restriction problems the union bound is very close

to the best (smallest) possible construction e.g., for
(n, k)-universal sets and perfect hash functions

art a st s arc

eno sho ho to get a construction that is of
si e e ualing that given by the union bound, for any
k-restriction problem  his phase of the construction
is computationally e pensive in its o n right, ie , not
polynomial time in its parameters ho ever ith the
parameters e ill be using it, it 1ill ta e time poly-
nomial in the parameters of the main problem  he
reason for dubbing this smart search is that though
it does brute-force search, the search domain is much
smaller than that of the class of all functions mapping

(2)

[n to |
ypically, for a main problem  ith parameters
, and e apply this phase ith n ,
k (log log )or log ,and ince e

are discussing general k-restriction problems here, e
assume that the collection of constraints is presented
by a membership oracle a procedure that, given any
[, . and [, says
() ., ithin some time bound or the e am-
ples e are interested in, this oracle computation ill
be easy, usually ta ing ust (k) time
et k. be a k- ise independent probability
space ith n random variables ta ing values in [ |,
such as the one mentioned in section 2 enceforth,
e assume that n for k-restriction problems for
simplicity, since this is the case for all our applica-
tions thus, k n*  irst note that the union
bound (2) is applicable even hen the vectors are not
chosen uniformly at random from [ | but chosen uni-
formly at random from the much smaller space k
this follo s from the fact that ( ) e amines only
k-sets of [n

hether or not

or any k-restriction problem with
n, there is a deterministic algorithm that outputs a col-
lection obeying the k-restrictions, with the size of the

collection e ualing the union bound. The time ta en
to output the collection is

k n

— | .

where 1s the time complexity of the membership
oracle. There is a parallel algorithm that outputs a
collection at most a constant times larger than the
union bound in time ( klogn log ), using

(& ) 114 Processors.
roof  onsider a set-system in  hich the universe
(ground set) is k he sets are , inde ed by
pairs ( , ) such that . and
consists of all r that satisfy at e

do not e plicitly list out the sets note that any
given can be tested for membership in in time

, using the given membership oracle ny subset
of 5 that hits (intersects) all subsets is a
good collection (ie 1is a collection satisfying the k-
restriction problem) his is the ell- no n hitting
set or transversal, problem for hypergraphs

e can find such a collection by a greedy algo-

rithm via a simple observation, hich follo s fairly
easily by inspecting ( ) and by using the fact that ( )
holds even if e pic vectors at random from k
the observation is that there must be an k
such that hits at least fraction % of the sets

he obvious idea then is to find such an  using the
membership oracle and add it to our current (partial)
hitting set, removing the sets hit by from the set-
system, and repeating  inding such an ta es time
at most  ( 5 ) also, the number of

sets in our set-system is e ectively shrun to at most
e ( k) after pic ing
herefore the results of a greedy algorithm ould
produce a construction of si e £———  same as
that of (2) lso, the total time ta en is at most
n k
e
( k k ( ))} )
2
n
(= ko)

his is the same as running the method of conditional
probabilities on the small space r 1f e ere to
run this method on the entire [ space, the time
ta en ould be enormous
Iternatively, any appro imation algorithm for the
hitting set problem is applicable here ( his is rel-
evant in the parallel conte t, here one cannot use
the greedy algorithm directly )  erger, Rompel and
hor [ have presented an e cient parallel algorithm
for appro imating the hitting set problem his al-
gorithm finds a hitting set that is ithin a constant
factor of the output of the greedy algorithm
ort o of our main applications, ee plicitly state
the time comple ity of smart search  heorem 2 fol-
lo s directly from heorem



(i) n(n,k)-family of perfect hash func-
tions (n, k) of cardinality ( * klog n), can be con-
structed deterministically in time (k" A nk k).
(ii) or any given n and k  n, an (n,k)-universal
set of cardinality (k2% logn) can be constructed de-
terministically in time (. k2 Fp ko,

ote that this is not our final construction of per-
fect hash families and universal sets  he time com-
ple ities are too high in theorems and 2, but the
advantage o ered by them is that the function fami-
lies constructed are of small si e (e ualing the union
bound)  heorems and 2 ill be invo ed later on,
ith small values for n and £ this ill eep the
time ta en lo hile presenting function families of
reasonable si e

itt r
eno present a globally e cient construction for
(n,k, )-splitters  henever k, e assume for no-
tational convenience that k (the argument for the
general case is similar) e first present a probabilistic
argument for (n, k, )-splitters hen k,in ection
ections 2 and then provide some simple
splitting families, hich 1ill be used to solve some ba-
sic sub-problems arising in our applications ection
presents a near-optimal construction, building on

bl

the results of ections 2, 2 and
r bab st c ar t rs ttrs
uppose k, kf e pic independent

random functions from [n to [  here

F((k )) klnn
— %

then e see from ( ) that e have an (n,k, )-splitter
ith positive probability sing Robbins formula

. 2 () 2 ()
in the above definition of and defining

(k) (2 k) *

for notational convenience, e see that

( k (k, )logn) ence e get

If k, then for every n k, there exists
an (n, k, )-splitter of size ( k (k, )logn).

tt rs rs r ct

n our applications, it  ill be useful to have the pa-
rameter n small as a function of k£ this ould then
help us invo e heorems and 2, hile still eeping
the time comple ity lo he splitter of emma 2
sho s ho to do this si e-reduction , hich essen-
tially allo s us to replace n by k his ma es our
upper bounds for the applications have a linear de-
pendence on logn  emma 2 involves constructing a
family of functions [n [k such that for all

, there is some function in  that is in ective

k
on

There is an explicit (n,k, k )-splitter
(n, k) of size (k logklogn).

e follo the ell- no n tric of using an

asymptotically good error correcting code ith n code-

ords over the alphabet [k , ith a minimum rela-
tive distance of at least 2 k bet een any pair
of code ords uch e plicit codes of length

(k lognlogk) e ist | here is a natural corre-
spondence bet een the code and a family of splitters
the splitting family corresponds to the inde set |

y summing the distances, e get that for any subset
of k code ords there is an inde  here they all di er

his inde corresponds to the good split

lternatively, if e use the functions ( orol-
lary 2 and emma 2 [ ) then e get a familyofsi e
(k log n log(klogn))
ttrs r ¢ st
ur applications ill need small splitting families,
and here e use asimple intervals family of splitters
his family is not very e cient but e ill be using
it in the range n k& and k (principally
(logk)) here its overhead is modest compared to
the comple ity of the overall construction

orany k n and for all n, there is
an explicit family (n, k, ) of (n, k, )-splitters of size

or every choice of
n, define a function [ [ by () i

, for all [n (ta ing and n)

ba ct tt r str ¢

t
eno describe our best constructions of splitters
he form of the construction depends on the relative
si es of k£ and
irst e note a lemma hich follo s from heo-
rem

or k, an (n,k, )-splitter of cardinal-
ity ( (k) klogf) can be constructed determinis-

( kgt (k)

tically in time

E), we can produce an (n,k, )-

(i) or

splitter of size

( logn ()
(( (%)) k logn)
in (n, ) time, where the () term decreases

monotonically and goes to , as k decreases

and goes to

(ii) or k and
(n,k, )-splitter of size

( (k) logn)

k), we can produce an



in (n, ) time, where the () term goes to

as k

(iit) or k
k , we can produce an (n,k, )-splitter of size
Kk k logn in time linear in the output size.

( lso, for any k, an (n,k)-perfect family of
hash functions of cardinality

Kk (logn) *  Ink 2k ()
structed deterministically in time

(m)(k ) F ok (k))

(iv) or k , we can produce an (n, k, )-splitter of
size  (k logklogn) in time (n, k).

can be con-

roof et (n, k) and (k ,k, ) be
the respective function families (splitters) presented
by emmas 2 and or every an

consider the function () (()) our function

family ill contain all the such functions

o see that is an (n,k, )-splitter, consider

any & here e ists an hich is - on

,and a that splits the image of under cor-
rectly hence isall eneed o

(k logn (1)) (C (k) k  logn),

for families of splitting problems ith (k)

his is not too far from the bound of emma  this
method 1ill, ho ever, lead to huge splitters as gro s

further ( ( k)), and hence e use adi erent ap-
proach in part (2)

2 or this part of the theorem, the () and ()
notation refers to &k tending to infinity e ill need
an integral parameter ,

(klog ( log(2k )))

ote that () since ( k) a similar easily
verified fact that e ill need is

(k ) (2t ) andk ( (k) )
()

e 1ll assume for notational convenience that
k efine the function families

(n, k), (k ,k, ) and (k ,k ) as pre-

sented by emmas 2 and , and the family  to be

the ((k ) ,k , )-splitter presented by emma
1 any , , any se uence of ele-
ments , , , of , and any se uence of ele-
ments , , , of hen e define a function
[n [ by

()
ccey ) (

ur function family
such functions

()

is composed of precisely all
e first consider

and the time to construct , and then prove that
is an (n, k, )-splitter  ote that

()
(K (logn)

(k) (log ) (k , ) )
(k (k, )logn)

( (k) logn), by ()
he total time to construct the families , , and
is, by emmas 2, and ,
C )
(k5 k)r (k, )logkk )

hus by (), the time to construct  is ( ,n)
o see that  is an (n, k, )-splitter, ta e any

y the definition of and
[ ko

k

here ( ) () i such an and
gain by the definition of | theree ist | |, |
such that is - on fi such a se uence
s inally by the definition of , there is a
se uence , , such that  splits  into
pieces of sie (k ) () k each tisno
not hard to verify that splits

et logk for some constant (chosen suit-
ably to minimi e the running time, or the lo er-order
terms in the si e of the perfect hash family) et
(n, k), (k ,k, ) and (k ,k ) be
the respective function families presented by emmas
2 and , and by heorem 2(i)
he intuition is as follo s as mentioned above, e
assume for no that & generic function in our
desired perfect hash family is defined by a function

, a function , and functions ,
any such choice of the functions , , and is
allo ed o  isdefined by () )
bserve that for any fi ed x » emmas 2 and
provide some pair , so that each ill be applied
to k points (), o wusing heorem 2(i),
ranging over all choices for , there ill be a
function that is - on

More formally, let  be defined (arbitrarily) to be
if k, and other ise to be the integer given by

ko ) k k et , , , Dbethe
follo ing function families (i) , for T
a(k, k )-perfect family of hash functions, as pre-
sented by heorem 2(i), and (ii) , for ,1s
a(k, k )-perfect family of hash functions, as pre-
sented by heorem 2(i)

o for every , and , define,

[, () to be

ke C0) ) )



k k(0 (0) ) ()

other ise
s s etched in the intuitive description above, e
define our desired family  of functions to be the col-

lection of all such functions o,
(k logklogn), k k% and
ke ke k ence,

o’ * logn ()

t is not hard to verify that each maps [n to
[k eno sho that isindeed (n,k)-perfect et

be an arbitrary element of y the properties

of and , e no the e istence of and
such that
( Y () k  for all [ ,and
( ) () k  for all , 2,
or each [ , eare also assured of the e istence of
a hich is - on ( Y () hus,

is - on , hich is hat e set
about to sho

y heorem 2(i), each

ko ® 2 * time ( his is the reason for our
choice of to be (logk) since larger values of il
ma e the splitter of emma ine cient, e settled
for (logk) ) he other operations ta e at most
(2%, n) time
n some situations, it ould be good to have the de-
pendence on e plicit, rather than fi ing (log k)
y eeping unspecified above, e obtained the pa-
rameteri ed version of the statement (using Robbins
formula)

can be constructed in

rom emma 2

locally e plicit construction for (n, k)-universal
sets is presented by heorem  similar locally e plicit
constructions of splitters and perfect hash families 1ill
be presented in the final version of this or

ic tion
n this section, e sho ho to apply our method
to achieve good linear-time constructions of the k-
restriction problems defined in ection 2 2 (but for
splitters and perfect hash families, hich e have al-

ready discussed) e also discuss the implication of
these constructions for e cient derandomi ation

A cat s r ct as c
t s
Perfect hash functions have been used in [ to
derandomi e many algorithms for finding subgraphs,
such as paths and cycles of length & e provide some
improvement to these methods

simple (directed) path of
length k in a (directed) graph (, ) that con-
tains such a path can be found in (2 )* (k)
expected time in the undirected case and in (2 )F
(k) expected time in the directed case.
simple (directed) cycle of size k in a (directed) graph
(, ) that contains such a path can be found in

either (2 )k (k) or (2 )* (k) ex-
pected time, where 2 6 1s the exponent of matriz
multiplication.

s pointed out in [ , e plicit (, k)-perfect hash
functions can be used to derandomi e their algorithm
hus, e get near-optimal derandomi ation using our
improved constructions of perfect hash functions f
k (log ), heorem () can be used as stated
if k (log ), e have to appeal to its parameter-
i ed version to get the best constant in the e ponent
nalogous results hold for finding an isomorphic copy
of afi ed directed forest ith k vertices in a graph, as
sho nin [

simple (directed) path of length k

in a (directed) graph ( , ) that contains such a
path can be found in (2 )* k k log time in
the undirected case and in (2 )F k k lo
time in the directed case.  simple (directed) cycle of
size k in a (directed) graph (, ) that contains
such a path can be found in either (2 )* k k
log or (2 )F k k log time.

ote that if e are given an arbitrary graph ( ith
no assurance about the e istence of the desired ob-
ect) then the [ algorithms may err and to reduce
the probability of error significantly, to, say, at most
2 , one may need to run the algorithm many times
( ( )),incurring a cost larger than our deterministic
algorithm

rsa s ts

he idea for (n, k)-universal sets is similar to that

behind heorem , ith the only modification being

that e no mneed the universal sets guaranteed by
heorem 2(ii) e thus get

We have a deterministic construction
for (n, k)-universal sets of size 2%k k logn. The
collection may be listed in linear time.

e also present locally e plicit constructions of (n, k)-
universal sets the proof of heorem iss etched be-
lo nalogous results hold for perfect hash families
and splitters e shall present the details in the full
version

There is a locally explicit construction of
(n, k)-universal sets of cardinality 28 % logn

he reason hy the constructions of

heorems and 6 and are not locally e plicit lies in
their usage of the smart search  his brings an e po-
nential dependence on k to the time comple ity n



order to get a local construction e must reduce the
problem to parameters that allo  smart -search in
the allo ed time (polynomial in logn and k) ote
that this construction is not local in the sense of pre-
senting an e plicit structure, since some search is in-
volved ho ever, it is local in the sense of ection

o achieve the above-stated locally e plicit con-
struction, e need the follo ing lemma ee, eg,

emma?2 in[ for a proof of emma

et ,k and n be positive integers such
that k n and such that k logk. Then
for any fixed , there exist constants
such that the following holds. If a random func-

tion [n [ s pic ed so that the random variables

(), (2), , (n) areuniformin| and( logk)-
wise independent, then A [
() & (k )log

e can use the logk- ise independent sample
space  as discussed in ection 2 rie y, our pro-
cedure involves a recursion of depth t o

(i) Reduce n to k , using emma 2 hence

assume that n &k henceforth
(ii) ae for some large enough (but fi ed)

e may

E
pply emma using the above-seen small proba-

bility space  of si e & k to reduce the problem
to subproblems, each of hich is to construct a
(k &k kK (k )log )-universal set

(iii) olve one of these subproblems recursively (see
belo ) and ta e the -fold directed product of the
constructed universal test set
(iv) osolve the subproblem, ta e 2log  k ap-
ply the hash functions as in tep (ii) and in order to
solve the resulting problem apply heorem 6 above

ote that the resulting £ is (logk) and hence that
the search needed ta es time only polynomial in %

di erent approach to ard a local construction

hich may yield improved results is to use a refined
version of emma that ill allo a very large frac-
tion of the elements of to be mapped into bins that
do not contain much more than the e pected number
(at most a standard deviation above the mean)  he
good bins are handled recursively, as above  hose el-
ements that ere not mapped into empty bins are then
ta en care of via a separate construction of a (n,k )-
universal set, here k k het o collections are
merged by adding (bit- ise or) all possible pairs of
vectors from the t o constructions

e shall present the detailed proofs in the full ver-

sion, both because of lac of space and also since our
applications re uire ust globally e cient construc-
tions

he problem of constructing (n, k)-universal sets
has received much attention in the fault-diagnostic lit-
erature ee [  for a bibliography on the problem
e can also phrase the problem as follo s for any

[n, let and [n hen, our
problem is e uivalent to finding a collection of n
subsets of a ground set that is as small as pos-

sible, such that for all |, |, | & and for all
s sk . k his as called k-
independent by leitman and pencer [2 ne uiv-

alent formulation of this problem is related to a fault-
tolerance property of the hypercube |

richevs y
[22 claims a deterministic construction of si e

( ( ))k2%Inn o ever, this appears to be
rong and his construction is of si e at least

2k Kk ¥ logn, as sho n in the full version
[

lum and
Rudich [ have applied the construction of (n,k)-

universal sets to obtain a deterministic algorithm to

learn k-term s shouty [ provided a learning
algorithm for &- running in time polynomial in
the si e he time in both algorithms is pro-

portional to the si e of the (n, k)-universal sets  ur
construction for (n, k)-universal sets yields improved
algorithms the improvement is most significant hen

k (log n)

nder the assumption

that [n , und anna a is
sho ed that for any fi ed , one cannot appro i-
mate set cover to ithin a factor of log in polyno-

mial time, here 1is the si e of the ground set of the
set cover instance [2 hat is stri ing about this re-
sult is the e istence of ell- no n polynomial-time al-
gorithms achieving a performance ratio of In ()

ne of the main ingredients of this result as an e -
plicit construction of (n, k)-universal sets  ince the
randomi ed construction of (n, k)-universal sets is bet-
ter than the previously no n deterministic construc-
tions, they also used the randomi ed construction to

sho that if [n , then for any
fi ed 2, one cannot appro imate set cover to

ithin a factor of log in random polynomial time
( denotes ero-error probabilistic polynomial
time, corresponding to as Vegas algorithms) ellare
et al [ improved the time bounds of und an-
na a isabove hilelosing a bit in the constants o -
ever, ta en together ith the recent result of Ra |

e get that that the time comple ity can be reduced

ton he constants of log n are still and

2 for the deterministic and randomi ed cases respec-
tively ur e plicit construction improves these non-
appro imability results by ma ing the deterministic
and randomi ed case have the same performance e
thus conclude that

If [n , then
for any fixed 2, one cannot approrimate set
cover to within a factor of log in deterministic
polynomial time.

egedy and
Vish anathan [ 2 considered the local coloring prob-
lem (see their paper for definition)  hey sho ed, via



a non-constructive argument, the e istence of recolor-

ing protocols that starting ith a graph of ma de-

gree  colored ith colors go (in a single step) to
( 2 loglog ) colors Mayer et al [2 sho ed that

the ey property used by [ 2 is (n, )-universal sets
sing the improved construction of this paper e get a

constructive version of [ 2 , to ithin a factor

of the color bound of ( 2 loglog )

At rsa ts
n this section e sho the construction of anti-
universal sets (see definition in section 2 2) he
union bound guarantees such a family of si e
( ( ))¥kIn( n) and as before, e have a simple
deterministic construction of such a family, running in

time (n ) * o ma e this more e cient, e first

reduce n to k , as before e tif (), then
e can split to log klog parts, and get a final

output of si e £k k n the other hand, if

increases ith the parameters of the problem, e can
split to log k parts, and get a final output of si e
k k

or any fired , there is a globally ex-
plicit construction for (n,k, ) anti-universal sets of

size ( Ve ke k logn. The collection may be
listed in linear time.

he hardness result of [2 as very recently im-
proved by eige [ 6 to get the best possible result for
the appro imation ratio, ( ()In he type of
family he re uiresis hat e termed an (n,k, ) anti-
universal set hus he obtains

If [n ,
then for any fired , one cannot approximate set
cover to within a factor of In  in polynomial time.

t r a rtrs c
t s
e no sho an application of our splitter con-

struction  he kth threshold function , ofn oolean
variables is a oolean function hich is 1 at least
k of the variables are n a formula, each non-
output gate has fanout e actly one, and a XIIY for-
mula has the form ,  here each is
either a variable or a negated variable he size
of a formula is the total number of literals in it

he or of [ sho s that for k and n large and
k n 2, every XIIY formula for , has sie at

least e p( ( k& Ink))nlogn, here () denotes

or k and n large and & n it is also sho n

in [ that there e 1st XIIX formulas for computing

x ith si e at most e p(2 klnk)nlogn this proof

is probabilistic  y using some ideas from [  and by

invo ing some of our ideas from above, e present an
e plicit version of this upper bound, ith a little loss
he proof of heorem  is given in the full version

or any pair of positive integers n and
n, a monotone XIIY formula of size

k with k

kookokp nlogn exists, to compute the func-

tion  ; can be constructed deterministically in
time polynomial in its size.

e than ded  oldreich
and Ravi undaram for e plaining the implication of
the construction of (n,k)-universal sets to the non-
appro imability of set cover and e than Mi e uby
for a discussion  ethan 11 eige for e plaining his
results
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