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Setting and general problem

² distributed process: communication/computationon graphs

² examples: distributed consensus,distributed load balancing,resource
allocation, sensingand estimation,coordination of autonomousagents,
iterative solution of equations,Markov chains,. . .

² di®usion-type algorithms:

{ no explicit point-to-point messagepassingor routing
{ di®useinformation by taking weightedaverageof neighbors' data
{ robust to component failures,works in asynchronousenvironment
{ weights a®ectconvergencebehavior and/or stationary performance

how do we choose weights to yield fastest possible convergence?
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Example: distributed average consensus
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² computeaverage¹x = 1
n

P
i xi (using local communication,iteration)

² eachnode takesa weightedaverageof its own and neighbors' values:

xi (t + 1) = Wii xi (t) +
X

j 2N i

Wij xj (t)

² how do we choose W to make convergence as fast as possible?
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Example: Markov chain on a graph
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² randomwalk on graphwith symmetrictransition probabilitiesPij

¼i (t + 1) = Pii ¼i (t) +
X

j 2N i

Pij ¼i (t)

² (under simpleconditions)distribution convergesto uniform

² what edge transition probabilities give fastest mixing?
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Example: distributed resource allocation

² resourceallocation on a network

minimize
P n

i =1 f i (xi )

subjectto
P n

i =1 xi = c
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² distributed weightedgradientmethod:

xi (t + 1) = xi (t) ¡
X

j 2N i

Wij
¡
f 0

i (xi (t)) ¡ f 0
j (xj (t))

¢

(exchangeresourcesproportional to di®erencesof marginal costs)

² how do we choose W to make convergence as fast as possible?
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Typical results

² establishingconvergenceconditions

² usingSDP, we can optimizeconvergencerate (or a bound on it)

² by exploitingstructure, associated SDPscan be e±ciently solved

² many interestingapplications
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Example: distributed resource allocation

minimize
P n

i =1 f i (xi )

subjectto
P n

i =1 xi = c
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?

max-degreeweights
best constantweight
SDP optimizedweights

xi (t + 1) = xi (t) ¡
X

j 2N i

Wij
¡
f 0

i (xi (t)) ¡ f 0
j (xj (t))

¢
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Why is this di®usion?

² di®usionequationon a line: ut = kuxx

PSfragreplacements

uiui ¡ 1 ui +1

ui (t + 1) ¡ ui (t)
¢ t

= k
ui ¡ 1(t) ¡ 2ui (t) + ui +1 (t)

(¢ x)2

let s = k ¢ t
(¢ x )2 , can write di®erenceequationas

ui (t + 1) = (1 ¡ 2s)ui (t) + sui ¡ 1(t) + sui +1 (t)

² fast di®usion problem: givenan arbitrary domain(discretizedas a
graph), design\conductivity" to make di®usionfast

ut = r ¢(kr u)
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Fast distributed average consensus



Distributed average consensus
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² computeaverage¹x = 1
n

P
i xi (using local communication,iteration)

² eachnode takesa weightedaverageof its own and neighbors' values:

xi (t + 1) = Wii xi (t) +
X

j 2N i

Wij xj (t)

usuallyWij > 0; but (surprisingly) this is not necessary for all edges
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Convergence to average

² distributed iterative algorithm in vector form

x(t + 1) = Wx(t) =) x(t) = W t x(0)

² convergence:for all initial valuesx(0) 2 Rn

lim
t !1

x(t) = lim
t !1

W t x(0) =
µ

1
n

1T x(0)
¶

1

² equivalentto the matrix equation

lim
t !1

W t =
11T

n
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Convergence conditions and rate

² theorem: lim t !1 W t = 11T =n if and only if

1T W = 1T ; W1 = 1; ½(W ¡ 11T =n) < 1

½(¢) denotesspectral radiusof a matrix

² interpretations

{ sum(and therefore average)preserved:1T x(t + 1) = 1T x(t)

{ 1 is ¯xed point of iteration x(t + 1) = Wx(t)

{ iteration dynamicsare stableon 1?

² asymptoticconvergencerate givenby ½(W ¡ 11T =n)
(secondlargest eigenvaluemodulusof W)
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Constant weights

constantweight on all edges:

xi (t + 1) = (1 ¡ di ®)xi (t) +
X

j 2N i

®xj (t)

= xi (t) +
X

j 2N i

®(xj (t) ¡ xi (t))

² maximum-degreeweight: ® = 1
max i di

di = jN i j is degree(number of neighbors) of node i

² best constantweight: ®? = 2
¸ 1(L )+ ¸ n ¡ 1(L )

L is Laplacian of graph
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Metrop olis weights

Metropolis-Hastingsweights:

Wij =
1

maxf di ; dj g
; f i; j g 2 E

(self-weightsgivenby Wii = 1 ¡
P

j 2N i
Wij )

² adaptedfrom Metropolis algorithms in Markov chainMonte Carlo

² basedon local information, good for distributed implementation

² often givesreasonableconvergence
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Fastest distributed linear averaging

minimize ½(W ¡ 11T =n)

subjectto 1T W = 1T ; W1 = 1

Wij = 0 if i 6= j and f i; j g =2 E

optimization variable is W; problemdata is graph(sparsity pattern of W)

² hard problemwhenW is not symmetric

² can minimizeconvexupper bound kW ¡ 11T =nk

² for symmetricW, ½(W ¡ 11T =n) = kW ¡ 11T =nk
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Semide¯nite programming formulation

(for symmetricweights)

introducescalar variable s to bound spectral norm

minimize s

subjectto ¡ sI ¹ W ¡ 11T =n ¹ sI

W = W T ; W1 = 1

Wij = 0 if i 6= j and f i; j g =2 E

an SDP, hence,e±ciently solved,duality theory, . . .
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A small example
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convergencefactors and convergencetimes:

max degree Metropolis optimal symm.
½(W ¡ 11T =n ) 0.746 0.743 0.600
¿ = 1= log (1=½) 3.413 3.366 1.958
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Optimal symmetric weights

(note: someweightsare negative!)
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A larger example

randomlygeneratednetwork with 50 nodes,200 edges

max degree Metropolis best constant optimal
½(W ¡ 11T =n ) 0.971 0.949 0.947 0.902
¿ = 1= log (1=½) 33.980 19.104 18.363 9.696
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Distribution of optimal weights
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(note: many weightsare negative)
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Eigenvalue distributions
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Sparse network design

¯nd a sparsesubgraphand associated weight design,with guaranteed
convergencerate: ½(W ¡ 11T =n) · ½max

² a di±cult combinatorial optimization problem

² e®ectivè 1 heuristic

minimize
P

f i;j g2E jWij j

subjectto ¡ ½max I ¹ W ¡ 11T =n ¹ ½max I

W 2 S; W = W T ; W1 = 1

(S speci¯es sparsity pattern of graph)
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Sparse network design example

² sparsenetwork designwith ½max = 0:910 (best possible½? = 0:902)

² number of edgesused(with nonzeroweights) reducedfrom 200 to 96
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Comparison of weight distribution

distribution of weightsby `1 heuristicwith ½max = 0:910
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Distributed data fusion in sensor networks



Maximum likelihood estimation

² estimatea vector of unknown parametersµ 2 Rm with n sensors

yi = Ai µ + vi ; i = 1; : : : ; n

measurementsyi 2 Rm i , noisesvi » N (0; § i ) independent

² aggregatemeasurement(
P

mi ¸ m)

y = Aµ + v =

2
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5 µ +
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vn
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² maximumlikelihood estimategivenby weightedleast-squaressolution

µ̂ML =
¡
AT § ¡ 1A

¢¡ 1
AT § ¡ 1y
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Sensor fusion schemes

² centralizedsensor fusion

{ sensors senddata to fusioncenter,via multi-hop relay, routing
{ fusioncentercomputesWLS solution
{ vulnerableto component failures

² distributed sensor fusion

{ no fusioncenter;sensors haveno global knowledge(e.g., topology)
{ eachnode computeµ̂ML (good for multiple tasks,active sensing)

² distributed sensor fusion based on average consensus

{ universaldata structure, isotropicprotocol
{ doesn't involverouting; instead,di®usesinformation gradually
{ robust to component failuresand network topology changes
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Distributed sensor fusion: scalar case

² estimatea scalar parameterµ 2 R, with i.i.d. noisesvi » N (0; ¾2)

yi = µ + vi ; i = 1; : : : ; n

² maximumlikelihood estimate

µ̂ML =
1
n

1T y; E (µ̂ML ¡ µ)2 =
1
n

¾2

² distributed fusionbasedon averageconsensus

{ initialize xi (0) = yi , then iterate

xi (t + 1) = Wii xi (t) +
X

j 2N i

Wij xj (t)

{ lim t !1 xi (t) = µ̂ML for all i
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Distributed sensor fusion: general case

µ̂ML =
³

A T § ¡ 1A
´ ¡ 1

A T § ¡ 1y =

Ã
nX

i =1

A T
i § ¡ 1

i A i

! ¡ 1 nX

i =1

A T
i § ¡ 1

i yi

² eachsensor initializes

Pi (0) = A T
i § ¡ 1

i A i ; qi (0) = A T
i § ¡ 1

i yi

² usedistributed averageconsensusto compute(entrywise)

lim
t !1

Pi ( t ) =
1

n

nX

i =1

A T
i § ¡ 1

i A i = P (1 )

lim
t !1

qi ( t ) =
1

n

nX

i =1

A T
i § ¡ 1

i yi = q(1 )

² eachnode can eventually compute µ̂ML = P(1 )¡ 1q(1 )
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Intermediate estimates

² insteadof waiting for convergence,use

µ̂i (t) = Pi (t)¡ 1qi (t)

availableat node i as soon as Pi (t) invertible

² somenice properties

{ eachµ̂i (t) is a WLS solution; lim t !1 µ̂i (t) = µ̂ML for all i

{ unbiasedestimate: E µ̂i (t) = µ for all i and t

{ error covarianceconvergesto optimal

Qi (t) = E
h
(µ̂i (t) ¡ µ)( µ̂i (t) ¡ µ)T

i
¡ ! QML =

¡
AT § ¡ 1A

¢¡ 1
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Distributed sensor fusion: example

² estimateposition (x1; x2) of target located in [0; 1] £ [0:5; 1]

² 20 range sensors uniformly located in
[0; 1]£ [0; 0:5], with positions(si 1; si 2)

² eachsensor measuresdistanceto target
r i , with additive noisevi » N (0; 0:1)

² sensor output

yi = r i ¡ aT
i

·
si 1

si 2

¸
¼ aT

i

·
x1

x2

¸
+ vi

ai : unit vector from sensor to target
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Summary of distributed sensor fusion scheme

² universaldata structure for storageand communication

Pi (t) 2 Rm £ m ; qi (t) 2 Rm

independentof local dimensionmi

² isotropicprotocol: taking weightedaverageof neighbors' data

² everynode can havemediumaccuracywithin a few iterations;
all convergeto the globalML estimate

² usingMetropolis weights, this schemeis robust to link failuresand
network topology changes,works in asynchronousenvironment
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Average consensusin asynchronous environment

² communicationlinks may work or fail at random(due to mobility,
fading, power constraints);network topology changeswith time

² somenotations

{ G(t) = (E(t); V) time-varying communicationgraph

{ Ni (t) = f j 2 V j f i; j g 2 E(t)g instantaneousneighborhood

{ fG(t)g1
t =0 can be either deterministicor stochastic

² distributed averageconsensus(sameform)

xi (t + 1) = Wii (t)xi (t) +
X

j 2N i ( t )

Wij (t)xj (t)

what conditions on fG(t); W(t)g1
t =0 guarantee convergence?
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Choice of weights

² Maximum-degreeweights

Wij (t) =

8
>>><

>>>:

1
n

if f i; j g 2 E(t)

1 ¡
di (t)

n
if i = j

0 otherwise

² Metropolis weights

Wij (t) =

8
>>>>><

>>>>>:

1
1+ maxf di (t); dj (t)g

if f i; j g2 E(t)

1 ¡
X

f i;k g2E ( t )

Wik (t) if i = j

0 otherwise

CMI seminar, 10/29/2004 31



Asynchronous convergence

² theorem: if the communicationgraphsthat occur in¯nitely often in
fG(t)g1

t =0 are jointly connected, then the iteration

x(t + 1) = W(t)x(t)

convergesto the averagefor any x(0) 2 Rn , with either Metropolis
weightsor maximum-degreeweights

² a ¯nite set of graphswith commonvertexset Gi = (Ei ; V), i = 1; : : : ; r ,
are jointly connected if their union graphG = ([ r

i =1 Ei ; V) is connected

PSfragreplacements
[[ =

² roughlyspeaking: convergesprovidedgraphs\connected in a long run"
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Asynchronous distributed sensor fusion

² extenddirectly to the generalcase:conductaverageconsensuson

Pi (0) = A T
i § ¡ 1

i A i ; qi (0) = A T
i § ¡ 1

i yi

and obtain µ̂i (t) = Pi (t)¡ 1qi (t)

² all nice propertiesstill hold

{ eachµ̂i (t) is a WLS solution; lim t !1 µ̂i (t) = µ̂ML for all i

{ unbiasedestimate: E µ̂i (t) = µ for all i and t

{ error covarianceconvergesto optimal

Qi (t) = E
h
(µ̂i (t) ¡ µ)( µ̂i (t) ¡ µ)T

i
¡ ! QML =

¡
AT § ¡ 1A

¢¡ 1

² simulationexample
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Computational metho ds



Computational metho ds

² interio r-point metho ds:

{ exploit sparsity and graphstructure
{ can solveproblemswith a few thousandedges

² subgradient-t ype metho ds:

{ computesubgradiente±ciently with Lanczosmethod
{ can solveproblemswith up to 106 edges

² exploiting symmetry:

{ reducenumber of variables
{ reducesizeof matrices
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Random walk on a graph

PSfragreplacements

?

? ??

? ?

?

² transition probabilitiesPij = Prob (X (t + 1) = j j X (t) = i )

² state distribution ¼i (t) = Prob (X (t) = i ); ¼(t + 1)T = ¼(t)T P

² convergenceto stationary distribution: lim t !1 k¼(t) ¡ 1=nk = 0

what edge transition probabilities do we use to get fastest mixing?
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Fastest mixing Markov chain (FMMC) problem

minimize ¹ (P) =
°
° P ¡ (1=n)11T

°
°

2

subjectto P ¸ 0; P1 = 1; P = P T

Pij = 0; i 6= j and f i; j g =2 E

SDP formulation

minimize s

subjectto ¡ sI ¹ P ¡ (1=n)11T ¹ sI

P ¸ 0; P1 = 1; P = P T

Pij = 0; i 6= j and f i; j g =2 E
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Graph automorphisms

graphG = (V; E)

² automorphism: a permutation ¼of V suchthat

f i; j g 2 E ( ) f ¼(i ); ¼(j )g 2 E

inducedaction on edges

¼f i; j g = f ¼(i ); ¼(j )g

² automorphism group Aut(G): set of all suchpermutations,with group
operation being composition
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Example of graph automorphisms
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Aut(G) isomorphic to S3
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Classesof graph symmetry

² vertex-transitive : for everytwo verticesi; k 2 V, there exists
¼2 Aut(G) suchthat ¼(i ) = k

² edge-transitive : for everytwo edgesf i; j g; f h; kg 2 E, there exists
¼2 Aut(G) suchthat ¼f i; j g = f h; kg

² distance-transitive : for any four verticesu; v; x; y with
±(u; v) = ±(x; y), there exists¼2 Aut(G) with ¼(u) = x and ¼(v) = y
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Action on transition probabilit y matrix

² representationof automorphismgroup ½: Aut(G) ! GL(n; C)

½(¼1¼2) = ½(¼1) ½(¼2)

herewe usethe usualpermutation matrix

½(¼) = Q; where Qij =
½

1 if i = ¼(j )
0 otherwise

² inducedaction on transition probability matrix

¼(P) = QPQT

sparsity pattern preserved: h = ¼(i ); k = ¼(j ) =) (¼(P)) hk = Pij
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Fix-point subset

² feasibleset invariant underaction ¼(P) = QPQT

C =

(

P 2 Rn £ n

¯
¯
¯
¯
¯

P ¸ 0; P1 = 1; P = P T ;

Pij = 0; i 6= j and f i; j g =2 E

)

² de¯ne ¯xed-point subset

F = f P 2 C j ¼(P) = P; ¼2 Aut(G)g

² what happens if we restrict FMMC problem on F ?
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theorem: FMMC problemalways hasan optimal solution in F

proof:

² there is at leastoneoptimal solution P ? 2 C

² de¯ne the averageoverorbit of P ?

P =
1

jAut(G)j

X

¼2 Aut(G)

¼(P?)

P is feasible;moreover,P 2 F

² ¹ (P) · ¹ (P ?) by convexity of ¹ ; henceP is optimal
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Reducing number of variables

can solve
minimize ¹ (P)
subjectto P 2 F

insteadof
minimize ¹ (P)
subjectto P 2 C

corollaries

² number of distinct edgetransition probabilitieswe needto considerat
most equalto number of orbits of E underAut(G)

² for edge-transitivegraphs,all edgetransition probabilitiescan be
assignedsamevalue

(staying probabilitiesat verticeseliminatedusingPii = 1 ¡
P

j 6= i Pij )

CMI seminar, 10/29/2004 43



Edge-transitive graphs

let ® be the transition probability assignedon all edges

P = I ¡ ®L; L = diag (d1; : : : ; dn ) ¡ A

(L : Laplacian, A : adjacencymatrix, di : degreeof vertex i )

theorem: FMMC on edge-transitivegraphsis givenby

®? = min
½

1

dmax
;

2

¸ 1(L ) + ¸ n ¡ 1(L )

¾

¹ ? = max
½

1 ¡
¸ n ¡ 1(L )

dmax
;

¸ 1(L ) ¡ ¸ n ¡ 1(L )

¸ 1(L ) + ¸ n ¡ 1(L )

¾

wheredmax = maxi 2V di is maximumvalency
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proof

² relationshipbetweeneigenvalues

P = I ¡ ®L =) ¸ i (P) = 1 ¡ ®¸ n +1 ¡ i (L ); i = 1; : : : ; n

² SLEM

¹ (P) = maxf ¸ 2(P); ¡ ¸ n (P)g

= maxf 1 ¡ ®¸ n ¡ 1(L ); ®¸ 1(L ) ¡ 1g

² minimizing¹ (P) subjectto 0 < ® · 1
dmax

givesoptimal solution
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Examples

completegraphK n

®? =
1
n

; ¹ ? = 0

Petersengraph

®? =
2
7

; ¹ ? =
3
7
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Block diagonalization

² decompose½: Aut(G) ! GL(n; C) into irreduciblerepresentations

½= m1#1 © m2#2 © ¢¢¢© mh#h

² isotypic decomposition of representationspaceCn

Cn = V1 © ¢¢¢© Vh; Vi = Vi 1 © ¢¢¢© Vim i ; dim(# i ) = n i

² for P 2 F (½(¼)P = P½(¼), 8¼2 Aut(G)), there existsT suchthat

T ¡ 1P T =

2

4
P1

. . .
Ph

3

5 ; Pi =

2

6
4

ePi
. . .

ePi

3

7
5 ; dim( ePi ) = m i

² columnsof T: symmetry adapted basis; can be computedexplicitly
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Symmetry reduced LMI constraints

² original formulation

¡ sI n ¹ P ¡ (1=n )11T ¹ sI n

² with block diagonalform

¡ sI m i ¹ ePi ¡ eJ i ¹ sI m i ; i = 1; : : : ; h

note: J = (1=n)11T alsosatis¯es½(¼)J = J ½(¼), 8¼2 Aut(G)

symmetry reduction

² number of variables: number of edges¡ ! number of orbits
² sizeof matrices:

oneLMI with
dimensionn =

P h
i =1 mi ni

¡ !
h LMIs, eachwith

dimensionmi
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Example: FMMC on grid graph
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² Aut(G) isomorphic to dihedralgroup D 4 (8 elements)
² neither vertex-nor edge-transitive
² two orbits, assignedtransition probability a and b; matrix P =

2

6
6
6
6
6
6
6
6
6
6
6
6
4

1 ¡ 2a a 0 a 0 0 0 0 0
a 1 ¡ 2a ¡ b a 0 b 0 0 0 0
0 a 1 ¡ 2a 0 0 a 0 0 0
a 0 0 1 ¡ 2a ¡ b b 0 a 0 0
0 b 0 b 1 ¡ 4b b 0 b 0
0 0 a 0 b 1 ¡ 2a ¡ b 0 0 a
0 0 0 a 0 0 1 ¡ 2a a 0
0 0 0 0 b 0 a 1 ¡ 2a ¡ b a
0 0 0 0 0 a 0 a 1 ¡ 2a

3

7
7
7
7
7
7
7
7
7
7
7
7
5
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² coordinate transformation matrix

T =
1

2

2

6
6
6
6
6
6
6
6
6
6
6
6
6
4

0 1 0 1 0
p

2 0 0 0
0 0 1 0 ¡ 1 0 1 0 1
0 1 0 ¡ 1 0 0 0

p
2 0

0 0 1 0 1 0 1 0 ¡ 1
2 0 0 0 0 0 0 0 0
0 0 1 0 1 0 ¡ 1 0 1
0 1 0 ¡ 1 0 0 0 ¡

p
2 0

0 0 1 0 ¡ 1 0 ¡ 1 0 ¡ 1
0 1 0 1 0 ¡

p
2 0 0 0

3

7
7
7
7
7
7
7
7
7
7
7
7
7
5

² block diagonalization:T T PT =
2

6
6
6
6
6
6
6
6
6
6
6
6
6
4

1 ¡ 4b 0 2b
0 1 ¡ 2a 2a
2b 2a 1 ¡ 2a ¡ b

1 ¡ 2a
1 ¡ 2a ¡ b

1 ¡ 2a
p

2ap
2a 1 ¡ 2a ¡ b

1 ¡ 2a
p

2ap
2a 1 ¡ 2a ¡ b

3

7
7
7
7
7
7
7
7
7
7
7
7
7
5

² optimal solution: a? ¼ 0:363; b? ¼ 0:211; ¹ ? ¼ 0:693
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Beyond computational metho ds . . .



FMMC on a path

PSfragreplacements

1 2 3 n ¡ 1 n

?

?

?

?

? ?

?

?

?

?

how would the answer changeas n increases?
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A good guess

PSfragreplacements

1=2

1=21=21=21=2

1=2

the sameanswer for all n?
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FMMC on a path

PSfragreplacements

1=2

1=21=21=21=2

1=2

P? =

2

6
6
6
6
4

1=2 1=2
1=2 0 1=2

. . . . . . . . .
1=2 0 1=2

1=2 1=2

3

7
7
7
7
5

; ¹ (P?) = cos
³ ¼

n

´

theorem: P ? attains the smallestvalueof ¹ , amongall symmetric
stochastictridiagonalmatrices

(proof by SDP duality)
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Summary

² applications: distributed communication/computationon graphs

² di®usion-type algorithms:

{ no explicit point-to-point messagepassingor routing
{ di®useinformation by taking weightedaverageof neighbors' data
{ robust to component failures,works in asynchronousenvironment
{ weights a®ectconvergencebehavior and/or stationary performance

typical results:

² usingSDP, we can optimizeconvergencerate (or a bound on it)

² by exploitingstructure, associated SDPscan be e±ciently solved

² many variations: sparsity design,asynchronousconvergence,minimum
mean-square deviation,duality with manifold unfolding, . . .
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