Optimal Design of Di®usion-type
Distributed Algorithms

Lin Xiao

Joint work with StephenBoyd, PersiDiaconis,
Sanjg Lall, Pablo Parrilo, and Jun Sun

CS286a:Mathematicsof Information Semina
10/29/2004



Setting and general problem

2 distributed process: communication/computationon graphs

2 examples: distributed consensusdistributed load balancing,resource
allocation, sensingand estimation, coordination of autonomousagents,
iterative solution of equations,Markov chains,. . .

2 di®usion-type algorithms:

{ no explicit point-to-point messaggyassingor routing

{ di®useinformation by taking weightedaverageof neighlors' data

{ robustto component failures,works in asynchronougnvironment

{ weights a®ectconvergencdehavia and/or stationay perfamance

how do we choose weights to yield fastest possible convergence?

CMI semina, 10/29/2004 1



Example: distributed average consensus

P . . .
2 computeaveragek = % . Xi (using local communication,iteration)

2 eachnode takesa weightedaverageof its own and neighlors' values:

X
Xi(t+ 1) = W x;(t) + Wj X (1)
J2N

2 how do we choose W to make convergence as fast as possible?
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Example: Markov chain on a graph

2 randomwalk on graphwith symmetrictransition probabilitiesP;;

X
Va(t+ 1) = Py %(t) + P Ya(t)
j 2N

2 (under simpleconditions) distribution convergego uniform

2 what edge transition probabilities give fastest mixing?
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Example: distributed resource allocation

2 resourceallocation on a network

minimize "y fi(xi)

subjectto L, X; =

2 distributed weightedgradientmethaod:

X I g 0 ¢
Xi(t+ 1) = xi(t) | Wi fixi(t) i fi(x; (1))
J2N

(exchangeresourcegroportional to di®erence®f marginal costs)

2 how do we choose W to make convergence as fast as possible?
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Typical results

N

establishingconvergenceonditions

N

using SDP, we can optimize convergenceate (or a boundon it)

N

by exploiting structure, asseiated SDPscan be exciently solved

N

many interestingapplications
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Example: distributed resource allocation

_— P
minimize =1 fi(Xi)

- Max-degree&eights
- n 2 - - - bestconstantweight ||
subjectto [, X; = 107\ ~~ SDP optimizedweights
o .
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Xi(t+ 1) = xi(t) i Wi 1xi(1) i (x5 (1)
J 2N
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Why is this di®usion?

2 di®usionequationon a line: u; = Kuyy

Ui; 1 U; Uj+1
° o o ® ® o o

ui(t+ 1) ui(t) _  ui; (1) i 2ui(t) + ujeqp (1)

¢t (¢ x)2

K¢t

let s = W,

canwrite di®erenceeguationas

ui(t+ 1) = (1 2s)ui(t) + sui; 1(t) + suj+q (1)

2 fast di®usion problem: givenan arbitrary domain(discretizedas a
graph), design\conductivity" to make di®usionfast

ur = r ¢(kr u)
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Fast distributed average consensus



Distributed average consensus

P . L .
2 computeaveragek = % . Xi (using local communication,iteration)
2 eachnode takesa weightedaverageof its own and neighlors' values:

X
Xi(t+ 1) = Wi x;(t) + Wi X (1)
J2N

usuallyW; > 0; but (surprisingly) this is not necessey for all edges
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Convergence to average

2 distributed iterative algaithm in vecta form

x(t+ 1)= Wx(t) =) x(t) = Wx(0)

2 convergencefor all initial valuesx(0) 2 R"

4 )l
tl!llm X(t) = tI!llm W 'x(0) = n1 x(0) 1
2 equivalentto the matrix equation
117
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Convergence conditions and rate

2 theorem: limyy  WU'= 11T =nif and only if
1"W=1T; W1-=1; AW i 11T7=n)< 1
£ @ denotesspectral radiusof a matrix

2 Interpretations

{ sum (and therefae average)preserved:1T x(t + 1) = 17 x(t)
{ 1is xed point of iteration x(t + 1) = Wx(t)

{ iteration dynamicsare stableon 17

2 asymptoticconvergenceate givenby W ; 117 =n)
(secondlargest eigenvaluemodulus of W)
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Constant weights

constantweight on all edges:

X
Xi(t+1) = (1 d®x(t)+ ®x; (t)
J2N |
X
= Xxi(t)+ ®&(xj (1) i xi(t))
J2N |
2 maximum-degreeveight: ®= =&

di = JNij Is degree(number of neighlors) of node |

2

5 . - B —
best constantweight: ®° = OF (D)

L is Laplacian of graph
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Metrop olis weights

Metropolis-Hastingsweights:

1
Wi = maxf di; d, g’ fiijg2 E

P
(self-weightsgivenby Wi = 1j ;5 Wj)

2 adaptedfrom Metropolis algaithms in Markov chain Monte Carlo
2 basedon local information, good for distributed implementation

2 often givesreasonableonvergence
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Fastest distributed linear averaging

minimize Y“W i 117 =n)
subjectto 1™W =1T; wil=1
W; = 0ifi 6 j andfi;jg2E

optimization variableis W ; problemdata is graph (spasity pattern of W)

2 hard problemwhenW is not symmetric
2 can minimize convexupper bound kW j 117 =nk

2 for symmetricW, YW i 117=n) = kW j 11T=nk
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Semide nite programming formulation

(for symmetricweights)

iIntroducescala variable s to bound spectral norm

minimize s

subjectto jsl? Wi 11'=nt sl
W=WwWT" wi=1
W; = 0ifi 6 ) andfi;jg2E

an SDP, hence,exciently solved,duality theary, . . .
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A small example

convergencdactors and convergencedimes:

max degree| Metropolis | optimal symm.
W | 11"=n) 0.746 0.743 0.600
¢ = 1=log(1=% 3.413 3.366 1.958
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Optimal symmetric weights

(note: someweightsare negative!)
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A larger example

randomlygeneratednetwork with 50 nodes,200 edges

(] ‘\v" /'\
NN, 2
WA

A

én".fa‘ﬁ

)
v

Vs / ‘ v
max degree| Metropolis | best constant | optimal
KW | 117=n) 0.971 0.949 0.947 0.902
¢ = 1=log(1=% 33.980 19.104 18.363 9.696
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Distribution of optimal weights
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(note: many weightsare negative)
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Eigenvalue distributions
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Sparse network design

‘nd a spase subgraphand ass@iated weight design,with guaranteed

convergenceate: AW | 117=n) - Yaax

2 adixcult combinataial optimization problem

2 e®ective 1 heuristic

N P A
minimize tij g2e JWi |

subjectto | Yaax! ¥ Wi 117=n?1 Y4,|
W2S: W=WT" wi=1

(S speci es spasity pattern of graph)
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Sparse network design example

2 gpase network designwith Y4, = 0:910 (best possible¥s = 0:902)

2 number of edgesused(with nonzeroweights) reducedfrom 200to 96
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Comparison of weight distribution

distribution of weightsby "1 heuristicwith Y45« = 0:910
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Distributed data fusion in sensa networks



Maximum likelihood estimation

2 estimatea vecta of unknavn parametersp 2 R™ with n sensos
Vi = Ajpl+ Vi; 1= 1::5,n
measurementy; 2 R™', noisesv; » N (0; §;) independent

P
2 aggregatemeasuremen{ m; ., m)

2 3 2 3

Aq V1
y=Aurv=§ A Ly § Ve
An Vi
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Sensa fusion schemes

2 centralizedsenso fusion

{ sensos senddata to fusioncenter,via multi-hop relay, routing
{ fusioncentercomputesWLS solution
{ vulnerableto componentfailures
2 distributed senso fusion
{ no fusioncenter;sensos haveno globalknowledge(e.g., topology)
{ eachnode computefiy. (good for multiple tasks, active sensing)

2 distributed sensa fusion based on average consensus

{ universaldata structure, isotropic protocol
{ doesn'tinvolverouting; instead,di®usesnformation gradually
{ robustto component failuresand network topology changes

CMI semina, 10/29/2004
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Distributed sensa fusion: scalar case

2 estimatea scala parameterp 2 R, with i.i.d. noisesv; » N (0; 3%)
Vi = Bt Vi; 1= 1::0n

2 maximumlikelihood estimate

1 1
bue = =1Ty;  E(fw i W?= =%
n n
2 distributed fusionbasedon averageconsensus
{ Initialize x;(0) = vy;, then iterate
X
Xi(t+ 1) = Wi x(t) + Wi x; (1)
J 2N

{ limm xi(t) = Oy for alli
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Distributed sensa fusion: general case

, A -
A ’ , i1 : X7 _ X0 _
o= ATS'IA ATy = ATslA AT8!y
i=1 i=1
2 eachsenso initializes
Pi(0) = AT8I'Ai;  qi(0) = AT8

2 usedistributed averageconsensuso compute (entrywise)

X
lim Pi(t) = : Als8IA; = P(1)
' i=1

lim qi(t) = % A&ty = q(1)

t11 _
=1
2 eachnode can eventually compute (. = P(1 )i 1g(1)
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Intermediate estimates

2 Insteadof waiting for convergenceuse

(1) = Pi(t)i g (t)

availableat node i assoon asP;(t) invertible

2 somenice properties
{ each{i(t) isa WLS solution; lim¢1 (i (t) = fiu. for all i
{ unbiasedestimate: E {i(t) = pfor all i andt
{ erra covaianceconvergedo optimal

h/\ N\ | [ . ¢i 1
Q) =E (KM i WE®i W' it Qw = A'8 A
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Distributed sensa fusion: example

2 estimateposition (x1;X») of target locatedin [0; 1] £ [0:5; 1]

2 20 range sensos uniformly located in
[0; 1]£ [O; 0:5], with positions(s;1; Si2)

2 eachsensomeasureslistanceto target
ri, with additive noisev; » N (0;0:1)

2 senso output

X]_b
Ya aiT + Vi

Si2 X2

Si1°
_ N
Yi =T &

a;. unit vecta from senso to target

CMI semina, 10/29/2004 28



Summary of distributed sensa fusion scheme

2 universaldata structure for storageand communication
Pi(t) 2 R™™; g(t) 2 R"
Independentof local dimensionm;
2 |sotropic protocol: taking weightedaverageof neighlors' data

2 everynode can havemediumaccuracywithin a few iterations;
all convergeto the global ML estimate

2 using Metropolis weights, this schemaeis robust to link failuresand
network topology changesworks in asynchronougnvironment
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Average consensusin asynchronous environment

2 communicationlinks may work or fail at random(due to mobility,
fading, power constraints); network topology changeswith time

2 somenotations
{ G(t) = (E(t);V) time-vaying communicationgraph
{ Ni(t)=1) 2V )fi;jg2 E(t)g instantaneousneighlorhood

{ fG(t)gi,, can be eitherdeterministicor stochastic

2 distributed averageconsensugsameform)

X
Xi(t+ 1) = W; (t)x;(t) + Wi (t)x; (1)
] 2N (1)

what conditions on fG(t); W (t)gl., guarantee convergence?

CMI semina, 10/29/2004
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Choice of weights

2 Maximum-degreeneights

8

3 - if fi:jg2 E(t)
Wi (1) = 3 1; dir(]t) if i = |

"0 otherwise

2 Metropolis weights

8
% 1+ maxfd (t);d; (1)g g2 =
Wi () = 1, Wic (t) ifi =]
E fikk g2E (1)
otherwise
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Asynchronous convergence

2 theorem: if the communicationgraphsthat occurin nitely oftenin
fG(t)gi., are jointly connected then the iteration

X(t+ 1) = W(t)x(t)
convergedgo the averagefor any x(0) 2 R", with either Metropolis

weights or maximum-degreeaveights

are jointly connected if their uniongraphG= ([ {-; E;V) is connected

PN Gy )¢

2 roughly speaking: convergegrovidedgraphs\connectedin a long run"
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Asynchronous distributed sensa fusion

2 extenddirectly to the generalcase:conductaverageconsensu®n
Pi(0) = AJ8'Ai;  ai(0) = Al8 ]y,
and obtain {i (t) = P;(t)i 1g(t)
2 all nice propertiesstill hold
{ each{i(t) isa WLS solution; lim1  (k(t) = fiu. for all i

{ unbiasedestimate: E {i(t) = pfor all i andt

{ erra coverianhceconvergeSo optimal
|

N\ A ' _ ¢i
QM =E (i whl®i W™ it Qu = ATgI*AT"’

2 simulationexample
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Computational methods



Computational methods

2 Interior-point methods:
{ exploit spasity and graph structure
{ cansolveproblemswith a few thousandedges
2 subgradient-t ype methods:
{ computesubgradientexciently with Lanczosmethaod
{ cansolveproblemswith up to 10° edges
2 exploiting symmetry:

{ reducenumber of variables
{ reducesizeof matrices

CMI semina, 10/29/2004

34



Random walk on a graph

2 transition probabilitiesP;; = Prob (X (t+ 1) =] ] X(t) = 1)

2 gstate distribution %(t) = Prob (X (t) = i); Yt+ 1)T = ¥t)"P

2 convergenceo stationay distribution: lim¢;  k¥{t) j 1=nk =0
what edge transition probabilities do we use to get fastest mixing?

CMI semina, 10/29/2004
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Fastest mixing Markov chain (FMMC) problem

minimize

subjectto

SDP formulation
minimize

subjectto

CMI semina, 10/29/2004
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1(P)="Pj (1=n)11T",

P. O Pl=1, P=PT
Pi =0, 16 ] andfi;jgZE
S

islt P (1=n)11T ¢ sl

P, O Pl=1; P=PT

Pi =0, 16 ] andfi;jgZE
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Graph automorphisms

graphG= (V;E)
2 automorphism: a permutation ¥s0f V suchthat
fijg2 E() T%41);%4))92 E
Inducedaction on edges

VEL jg= T9%i);%])9

2 automorphism group Aut(G): setof all suchpermutations,with group
operation being composition
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Example of graph automorphisms

Aut(G) isomaphicto Sz
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Classesof graph symmetry

2 vertex-transitive . for everytwo verticesi; k 2 V, there exists
Y22 Aut(G) suchthat ¥(i) = k

2 edge-transitive: for everytwo edgesfi; j g;fh; kg 2 E, there exists
Y42 Aut(G) suchthat ¥£i1; jg= fh; kg

2 distance-transitive : for any four verticesu,; v; x; y with
Hu;Vv) = HX;Yy), there exists¥2 Aut(G) with ¥Y{u) = x and%{v) =

CMI semina, 10/29/2004
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Action on transition probability matrix

2 representationof automaphismgroup ¥2: Aut(G) ! GL(n; C)
KaYs) = KY4) KYs)
herewe usethe usualpermutation matrix

5
1 ifi= %))
141 = O e
A7) = Q; where Q; 0 otherwise

2 Inducedaction on transition probability matrix

Y(P) = QPQ"

spasity pattern preserved: h = %i); k= %4j) =) (AP))n = Pj

CMI semina, 10/29/2004
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Fix-point subset

2 feasibleset invariant underaction ¥{P) = QP QT

(
C= P2R""

P, O;P1l=1P=PT;
Pi =0;,16] andfi;jg2E

2 de ne xed-point subset

F=1P2Cj%P)=P; %2 Aut(G)g

2 what happens if we restrict FMMC problem on F ?

CMI semina, 10/29/2004
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theorem: FMMC problemalways has an optimal solutionin F

proof:

2 thereis at leastone optimal solutionP? 2 C

2 dene the averageover orbit of P~

1 X

JAUt(GQ)]
J (G) v2 AUL(G)

P =

Y(P?)

P is feasibleemoreover,P 2 F

2 1(P) . 1(P?) by convexiy of 1 ; henceP is optimal

CMI semina, 10/29/2004

42



Reducing number of variables

minimize 1 (P) nsteadof  Minimize  * (P)

cansolve subjectto P 2 F subjectto P 2 C

corollaries

2 number of distinct edgetransition probabilitieswe needto considerat
most equalto number of orbits of E underAut(G)

2 for edge-transitivegraphs,all edgetransition probabilitiescan be
assignecsamevalue

P
(staying probabilitiesat verticeseliminatedusingPii = 1i ;4 Pj)
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Edge-transitive graphs

let ® be the transition probability assignedon all edges
P=1; ®L L = diag(dy;:::;dn)i A

(L: Laplacian, A: adjacencymatrix, d;: degreeof vertexi)

theorem: FMMC on edge-transitivegraphsis givenby

Y Y.
) N 2 )

® = min :
dmax s 1('—) + s Nj 1('—)
Y

, Cea(L) L)L)

1" = max 1

dmax ’ ,1(|—)+,ni1(|—)

wheredmax = maxioy di IS maximumvalency

CMI semina, 10/29/2004
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proof
2 relationshipbetweeneigenvalues

P=1j ® =) ,i(P)=1f ® nepyi(L); 1=

2 SLEM

L(P) = maxf,2(P); i, n(P)g
= maxflj ® p; 1(L); ® 1(L) i 19

2 minimizing! (P) subjectto 0< ® - - givesoptimal solution

dmax
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completegraph K,
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Block diagonalization

N

decommse?z: Aut(G) ! GL(n; C) into irreduciblerepresentations

o= mqi#1 © mo#, © CCCO my#h

N

Isotypic decommsition of representationspaceC"

C"= Vi@ ¢6CO Vi; Vi = Vi1 © ¢6CO Vi, ;  dim(#) = n;

N

for P 2 F (UYYP = PUY), 8v42 Aut(G)), there existsT suchthat

2 3
2 3 o
TilpT = 4 S Pizﬁ g; dim(®;) = m;

I:)h |ﬂi

N

columnsof T: symmetry adapted basis, can be computedexplicitly

CMI semina, 10/29/2004

47



Symmetry reduced LMI constraints

2 original formulation
i slp? P (1=n)11' 1 sl,
2 with block diagonalform
islmillﬁiiﬁ,lslmi; i = 1:::::h

note: J = (1=n)11T alsosatis es4¥)J = J%Y), 842 Aut(G)

symmetry reduction

2 number of variables: number of edgesj! number of orbits
2 sizeof matrices:

one LMI [g/ith h LMIs, eachwith
dimensionn = ih:1 m; N; dimensionm;
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Example: FMMC on grid graph

® L 4 ®

4 5 6
® 4 ®

7 8 9
@ L ®

2 Aut(G) isomaphic to dihedralgroup D4 (8 elements)
2 neithervertex- nar edge-transitive
2 two orbits, assignedransition probability a and b; matrix P

2

1; 2a a 0 a 0 0 0 0
a 1i 2aij b a 0 b 0 0 0
0 a 1; 2a 0 0 a 0 0
a 0 0 1j 2aj b b 0 a 0
0 b 0 b 1i 4b b 0 b
0 0 a 0 b 1i 2aij b 0 0
0 0 0 a 0 0 1 2a a
0 0 0 0 b 0 a 1li 2aj b
0 0 0 0 0 a 0 a

CMI semina, 10/29/2004
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2 coordinate transfamation matrix

2 P _ 3
O 1 O 1 0 2 0 0 0
O 0 1 0 1 0 1 IoO 1
O 1 0 1 0 0 0 2 0
1 O 0 1 0 1 0 1 0O 1
T= - 2 0 0 0 0 0 0 0 0
280 0 1 0 1 0 1,0 1
O 1 0 1 0 0 o i 2 0
O 0 1 0O 1 IOO i 1 0O 1
O 1 0 1 o i 2 0 0 0
2 block diagonalization:TTPT =
1i 4b 0 2b
0 1 2a 2a
2b 2a 1 2aj b
1; 2a
1j 2aij b D
1d_2a 2a
2a 1j 2aij b D
1|d' _2a 2a

2a 1i 2aij b

2 optimal solution: a? ¥40:363 b’ %0:211;, 171,0:693
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Beyond computational methods. ..



FMMC on a path

0:024 4200

ni 1

how would the answer changeasn increases?
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A good guess

the sameanswer for all n?
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FMMC on a path

Q 12 12 1=2 —2@

3
1=2 1=2

—2
1=2 1=2

theorem: P? attains the smallestvalueof ¢, amongall symmetric

stochastictridiagonal matrices

(proof by SDP duality)
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Summary

2 applications: distributed communication/computationon graphs

2 di®usion-type algorithms:

{ no explicit point-to-point messagegassingor routing

{ di®useinformation by taking weightedaverageof neighlors' data

{ robustto componentfailures,works in asynchronougnvironment

{ weights a®ectconvergencéehavia and/or stationay perfamance

typical results:

2 using SDP, we can optimize convergenceate (or a bound on it)
2 by exploiting structure, ass@iated SDPscan be exciently solved

2 many vaiations: spasity design,asynchronougonvergenceminimum
mean-squee deviation, duality with manifold unfolding, . . .
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