vCIVICW

CS20a: Models (Nov 14, 2002)

- Alternative models

- Primitive recursive functions
- Partial recursive functions
- Recursion theorem
- Rice’s theorem

Lambda Calculus
- Recursion theorem
- Rice’s theorem

Arithmetic
- Recursion theorem
- Godel’s incompleteness theorem (aka Rice’s theorem)

Computation, Computers, and Programs Godel's incompleteness theorem
hitp://www.cs.caltech.edu/courses/cs20/a/ lovember 13, 2002

Let’s do the same for arithmetic
Arithmetic is:

- Operators: +, -, *
- First-order logic
First, let's define logic

/r o

Computation, Computers, and Programs Godel's incompleteness theorem
htp://www.cs.caltech.edu/courses/cs20/a/ jovember 13, 2002

Defining logics

A logic is defined in three parts
- Syntax

- Define what is “true”

- Define derivation procedures

Computation, Computers, and Programs Godel's incompleteness theorem
http://www.cs.caltech.edu/courses/cs20/a/ November 13, 2002
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Defining the syntax

Start with a countable set of propositional letters P, Q, R, ...
Define the propositions inductively:

- T (true) is a proposition

- 1 (false) is a proposition

- Any propositional letter is a proposition
- If A is a proposition, so it = A (negation)
- If A and B are propositions, so are

- A A B (conjunction)
- AV B (disjunction)
- A = B (implication)

Computation, Computers, and Programs
hitp://www.cs.caltech.edu/courses/cs20/a,

Standard syntax definition

Propositions:

|
|
| ene
|
|

e=e

Computation, Computers, and Programs
htp://www.cs.caltech.edu/courses/cs20/a,

Semantics

- The semantics of constants: T =1,1 =0

- The semantics of a propositional letter is its truth
value.

- The semantics of a compound proposition is de-
termined by truth tables.

AVB A B|AAB A B|AAB
0 0 0 0 0 0 1
1 0 1 0 0 1 1
1 1 0 0 1 0 0
1 1 1 1 1 1 1
mech aauioursecsessoa o e b 15 3002 6
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Extending the truth assignment

A B C|AAB|(AAB)=>C
0 0 0] 0 1
00 1| 0 1
01 0| 0 1
01 1| 0 1
1 00| 0 1
1 0 1] 0 1
11 0| 1 0
11 1| 1 1

Computat

Godel's incompl;
http:/, Nov

Some definitions

- A truth assignment A assigns a value to each propo-
sitional letter A aunique truth value A(A) € {0,1}

- A truth valuation 'V assigns a truth value to each
proposition (it can be constructed from a A by
following the truth tables).

- A proposition « is satisfiable if there is a truth
valuation V(x) = 1

- A proposition « is true (a tautology) if it is true in
all valuations.

Computation, Compute
http://www.cs.calt

d Programs Godel's incompleteness
ses/cs20/a/ Nov 1

A proof (Pierce’s Law)

A B|A>B|(A=B)>A|((A=B)=A)=A
0 0] 1 0 1
0 1| 1 0 1
1 0| 0 1 1
1 1] 1 1 1

Computers, and Programs ompleteness theorem
caltech.edu/courses/cs20/a/ November 13, 2002
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Derivations

- Truth tables are hard to use

- We want a mechanical method for proving
propositions

Use sequents and truth judgments

Computation, Computers, and Programs Godel's incompleteness theorem

- We can extend valuations to sequents, to get the
folowing semantics:

- A sequent Bi,...,Bn F &1,...,xy is true if
some «; is true whenever Bi,..., 8, are all
true.

Computation, Computers, and Programs

Godel's incompleteness theorem
http://www.cs.caltech.edu/courses/cs20/a/

jovember 13, 2002
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Sequents

- A sequent has the form ' + A

- Ais alist of propositions «j,..., X,

- Tis a context containing a list of propositions 1, ..., Bn

Derivations

- There are two kinds of inference rules
- Introduction rules operate on the right of the turnstile
- Elimination rules operate on the left of the turnstile

- The base axiom

axiom
I, oI = A, oA

Computers, and Programs Godel's incompleteness theorem
s.caltech.edu/courses/cs20/a/ November 13, 2002
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Introduction rules, part |

m true intro

T'-AL A THALB A
rl—Al,O(/\B,AZ

and intro

I'-A, B4
I'-AL,xVv B A

or intro

Introduction rules, part Il

rial_AliﬁiAZ
I'-AL,x=B,A

implies intro

| Al,Az
I'- A, "o, A>

not intro

Elimination rules

LLILEA false elim

I, B,I2-A d eli

T, A B I - A A0 eim

In,e,HFA I,B,0L A
rl,l)(\/B,rzl—A

or elim

Fl,B,Fz A I,L - A
I,ax=B,L+A

implies elim

Godel's incompleteness theorem
November 13, 2002
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Rule table
T'A,T,A In,L, LA
I'FAL A THALB A I,oB8,T2-A
I'=AL oA B A2 I, A B -A
'+ Ao B,A M,e,o=-A T, B, FA
rD—Al,D(\/,B,Az rl,(X\/B,rzl—A
Io- A B, A2 I, -A Ti,I - oA
I'-AL, = B,A I,ex=B,LrA
16

Proving the law of excluded middle

- Every proposition is either true or false

AFA 32
A, A 1
AV A

Pierce’s law

ArB A
—ASBAS ArA
(A=>B)=>A+ A
F((A=>B)=>A)=> A

5
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F((AAB)=C)=> (A= (B=>0C)

Currying
A,B»—A5 A,BI—B6 6
A,B-AAB C,A/B+-C
(AAB)=>C,AB+C )
(AANB)=C+HA=>B=>C 1

First-order logic

itites.

ities.
a
e

T|L

—e
eAe
eve
e=>e
Vv.e
Jv.e

- Add atomic formulas f(a,...

- Add atomic predicates P(a,, ...
flai,...

P(al,...

,ay) of various ar-

, Ay ) is various ar-
,an)

,am)

Some examples

Vi.dj.j>i
JiVjj<i

Comp!
http:/

Vx.big(x) = heavy(x)

Vi.(i+1) >1
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Adding rules for FOL

I'- AL P(), A2

m exists intro

T+ A, P(c),Ar (newc)
I'+ AL, Vv.P(v), A

all intro

I,P(c),lb - A (newc)
Fl,EIv.P(v),FZ A

exists elim

I,Vv.P(v),[L,P(t) - A
rl,VU.P(‘U),rz A

all elim

A quantifier DeMorgan law

@ r e °
Vx.@(x) +~ @(c)
—@(c), Vx.p(x) +

—@(c) - (Vx.p(x))
dx.~@(x) - (Vx.p(x))
F(@Ax.~p(x)) > " (Vx.p(x))

Another proof

@(c) - @l(c)
@(c) F Ix.p(x) /A=)
(FAx.eXx)) =y, plc) -y
Ax.ex) =2y, @) >y
Ax.px)) =Y+ Vx.p(x)=> Y
F((3x.p(x)) > @) > (Vx.p(x) = )
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Formalizing arithmetic

The language of arithmetic:

e = ilv]e+el|---]|ele
P e=ele<el|---

PAP|PVP|P=>P

‘— i
\
|  3FJv.P[v]| Vv.P[v]

Example:

Vx1.3x0.Vx3.3x4.(x3 + X2 < (1 + X71) * X4)

Computat

Godel's incompl;
http:/, Nov

Indexing the arithmetic formulas

Define "@" is the Godel index of formula @
Define the normal way:

"x;" =[0:1]
"'ep+ex=1:"e;"@"er’
ep<ey' =10 "e;'@"ey’

"PrLAP =20 "PT@ Py

Computation,
http://www.cs.

d Programs Godel's incompletes
ses/cs20/a/ Nov

Defining substitution

- Define a function SUBST(x, v, z) = w, where

SUBST(n, 'x", "@") = "p[n/x]

- That is, SUBST(n, "x', "@") produces the number
of a new function "@[n/x]" where the constant
n is substituted for x.

- Define SUBST' () = SUBST(Y, "Xxo',y)

- (Note that SUBST can be defined in arithmetic)

Godel's incor

Computers, and Programs mpleteness theorem
caltech.edu/courses/cs20/a/ November 13, 2002




vCIVICW

Fixpoint theorem for arithmetic

Theorem (Fixpoint theorem)
For any formula () with free variable y, there is a
sentence @ with no free variables s.t. @ < @("@").

Computation, Computers, and Programs Godel's incompleteness theorem 28
http://www.cs.caltech.edu/courses/cs20/a/ November 13, 2002

Fixpoint proof

Let p(y) = Y (SUBST' (y))
S0 p(xp) = Y(SUBST (xp))
Let @ = p("p(x0)")

@

p("p(x0)")

W (SUBST ("p(x0)"))

W(SUBST( "p(x0)", "x0", "p(x0)"))
Yp("p(xo))")

(el

t00202

theorem
3,2002 29

Godel’s Incompleteness Theorem

Theorem (Godel's Incompletness theorem)
There is a formula that is not provable.
Proof

- Define a formula UNPROVABLE( @) iff @ is not
provable.

- This is a formula in arithmetic

¥()) = UNPROVABLE(Y) = UNPROVABLE( '@, ")

- Consider, for some @, the formula

@ < UNPROVABLE('@")

n, Computers, and Programs Godel's incompleteness theorem 30
cs.caltech.edu/courses/cs20/a/ November 13, 2002




