Outline |

Finish off Regex -> e-NFA -> NFA -> DFA -> Regex

Minimization/equivalence (Myhill-Nerode
theorem)
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Summary |

NFA -> DFA
- If NFA has states Q, construct a DFA with 22 states

E-NFA -> DFA

- Change the transition relation to include epsilon-edges
Regex -> e-NFA

- Construct e-NFA for each regex by structural induction

DFA -> regex

- That’s next
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DFA -> Regex |

Theorem If L is accepted by a DFA, then L is denoted
by a regular expression.
Proof Outline:

Consider some arbitrary DFA M = (Q, %, 0, s,F)

Clearly, we want to do induction over something

— Choices could be |Q|, what else?
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DFA -> Regex |

Let Q = {41,92,---,qn}

We'll do induction over k for executions that use
only states in {q1,q>,...,qk} (this is non-obvious)

< States numbered <= k
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Defining R;; |

. Let Ri-‘j be the set of all strings x such that 0 (g, x) =

q; and for any proper prefix v of x that is not e,
o(qi,¥Y)=aqinl=<k

- By induction:

- RQ.:{{“W(%,OL):%} if i + j
i~ ({ald(qi,a)=q;}ule}l ifi=j

_ pk _ pk—1/pk—T1\k pk—1 k—1
Ry = Ri " (R )™ Ry U Ry,

- Note that L(M) = U fer Rgf
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Constructing the regex |

Theorem There is a regular expression ri’f]- that denotes
k
each R;;

Proof By induction on k

Note L(M) =7y, +---+7y. for F=1{qj,...,qj,}
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Constructing the regex |

| o _ (laléai,a)=aq;l i+
Base - Havek;; = {{mé(qi,a) =gt ulet ifi=j
Let?”ij—{a1+a2+---+ap+€ fori=j

Step - Have Rf; = R’-‘_I(Rk‘l)*kal U Rk

k k—1 k—1
Let v = (Tkk ) * Vit
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Minimizing FA |

Can we prove equivalence of regexs (or their FA)?

One method:

- If each FA can be reduced to a unique minimal form, we
can compare the minimal FA
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Right-invariance |

- LetM = (Q,2,0,s,F) be a DFA
- Foreach x,y € 2*,let xRyy © 6(s,x) = 6(s,y)
- Rp 1s an equivalence relation:

Reflexive xRy x
Symmetric If xRy y then yRyx
Transitive If xRy and yRyz, then xRy z

. Furthermore if xRy y, then xzRy vz for any z €
AT UTE 5 Z*
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Right-invariance |

Furthermore if xRy y, then xzRy vz for any z €
Z*

Definition For any relation R, if xRy implies xzRyz,
then R is right invariant with respect to concatenation.
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Equivalence classes of Ry, |

L(M)

4

’
[ |
]
' 0
| Y 4

“Equivalence classes of Ry
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Myhill-Nerode |

Theorem (The Myhill-Nerode theorem). The following
three statements are equivalent:

- The set L < >* is accepted by a FA.

- The set L is the union of some of the equivalence
classes of aright-invariant equivalence relation with
finite index.

. Let equivalence relation R; be defined as xR y iff
xz € L & yz e L. Then R; has finite index.
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1->2 |

Let M be a DFA that accepts L.
Define Ry; as before.
Ry is right invariant

Ry has finite index because the DFA has only a
finite number of states

L is the union of the equivalence classes contain-
ing some X where o(s,x) € F
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2->3 |

Consider some equivalence relation E of finite in-
dex, and L is the union of some of its equivalence
classes.

Prove R; has finite index, where xR;y iff xz &
L < vzel.

- Suppose xEy

- Since E is right-invariant, then xzEyz

- Then xze€L < yz e L, and so xRy

- Since xEy = xR;7vy, and E has finite index,
so does Ry

Computation, Computers, and Programs Course Introduction 14
http://www.cs.caltech.edu/~cs20/a October 9, 2002




3->1 (part 1) |

First, prove R; is right-invariant.

- Suppose xRy y; prove XwWRryw

- This means, prove xwzR;ywz for any z &€
Z*

- But xRy y implies xv € L & yv € L

-lfv=wz, thenxwzel  ywzelL

- SO XwWRryw
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3->1 (part 2) |

. Construct DFA M’ = (Q',%,6',s’,F") from R;
- Let Q' be the set of equivalence classes of L
(there are a finite number)

- Define [x] € Q' to be the equivalence class
containing x

- Letd'([x],a) = [xa]
* Is &' ([x],a) a function?
* Yes, because R; is right invariant
- Let s’ = [€]
w, — LetF ={[x]|x €L}
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3->1 DFA construction |

L(

' 4
4

-=-=FInal state

’
'
]
‘\ l’
¥ Q' = Equivalence classes of RL
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Minimization |

The minimum automaton accepting a language L
is unique (up to renaming of states), and is given
by the construction in the Myhill-Nerode theorem.
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Minimization |

The minimum automaton accepting a language L
is unique (up to renaming of states), and is given
by the construction in the Myhill-Nerode theorem.

An algorithm is a procedure that always
terminates (with the right answer)
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Minimization algorithm |

- Let M = (Q, 2,0,s,F) be a DFA.

- Define p = giffforeachx,o0(p,x) € F  6(q,x) €
F.

. Basic idea:

-p#qifpeFandqg¢F

— Consider » = o0(p,a) and s = 0(qg, a)
- Ifr £s,thenp £ g

- Compute the fixpoint

Computation, Computers, and Programs Course Introduction 20
http://www.cs.caltech.edu/~cs20/a October 9, 2002




Pseudo-code |

letD ={(p,q) | pEFAQqEF}
do
for (n,q) e FXFu(Q —-F)x(Q —-F)do
if 6(p,a),6(g,a) € D for some a then
D~ DU (p!OI)
until D doesn't change any more
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Finishing up |

- To build the minimal DFA: let [g] = {p | (p,q) ¢
D}

- Define 0([gl,a) =[0(g,a)]

. Remove inaccesible states (states not reachable from
the start state)
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Minimization proof |

- Let M = (Q, 3, 0, s, F) be the original DFA,
- LetM = (Q',2,06',s",F") be the constructed DFA.

- Q' ={[q] | q is accessible from s}

- 0'([ql,a) =10"(g,a)]
- s =[s]
- F' =1{lql |l q € F}
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Minimization proof |

. First, 6’ is a function

. Second, use induction toshow o' ([s],w) = [0(s,w)],
soL(M) =L(M")

. Is M’ minimal?
- Suppose not; then there are state [p| # [g]
where o(s,x) = pand o(s,y) = g and xR y.

- There must be some w that distinguishes p
and ¢g (according to the algorithm)

- If so, xwR;yw is false, which cannot be.
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Summary |

FAs/regex are equivalent

For each FA there is a unique minimal FA’

- Equivalence of FA is computable
- To test of FAI=FAZ2, minimize both and test for equality
- Remember that the states may have different names, so
this may take some time

Next: what languages are regular?
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What languages are not reqular? |

Intuition: since a FA has only finite state, it can
“remember” only a finite number of things

Some things we would expect are not regular

- Balanced parentheses (have to remember an arbitrary
nesting depth)
- Prime numbers
- Why are multiples of 3 reqular?

- Addition (strings “i+j=k’)
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Regular languages |

Intuition: if a FA accepts a string that is “long
enough,” it must repeat a state

- But it can’t remember that the state was repeated

- So it can be forced to repeat the state over and over

a+1,...,ak

q0 qJ=gk aqm
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Pumping lemma |

Lemma (the Pumping Lemma)

Let L be a regular set.

There is a constant 7 s.t. for any z where |z| = n,
then z can be written z = uvw, where

- luv| <n
- v =1

- Foralli >0, uvtw € L
- n is bounded by |Q |
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Proving that a language is not reqgular |

Let L be the proposed regular language
- There is some n, by the pumping lemma

- Choose a string s, longer than n symbols, in the
language L

Using the pumping lemma, construct a new
string s’ that is not in the language
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Balanced parentheses |

The strings of balanced parentheses are not regular.
Proof

Let n be the integer in the pumping lemma
Consider the string s = (**1)n+l
Write s = uvw where uv = (" and w = ()"*!

Then s’ = uvéw = ("tm+1)n+l g jn the language
for some m > 0

s’" is not balanced
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Unions |

Any finite union of regular sets is regular

Inifinite unions may not be regular
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Executions |

Consider a NFA M = (Q, 2,96, s,F)

The executions (qo, co)(q1,¢1) ... (@n-1,Cn-1)qn are
regular
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