CS20a: Computation, Computers, Programs |

Instructor: Jason Hickey
- Email: jyh@cs.caltech.edu

- Office hours: TR 10-11am

TAsS:
- Nathan Gray (n8gray@cs.caltech.edu)
- Brian Aydemir (emre@cs.caltech.edu)
~ Jason Frantz (frantz@its.caltech.edu)
- Robert Li (robertli@its.caltech.edu)
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- Alphabets and strings
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Decision problems |

. A decision problem is a set A, together with a sub-
set B € A of problem instances that are true.

- We could consider problems that have an output
(for example, = compute the shortest path in a
graph'’), but the decision problems are simpler and
already have the kind of behavior we want to study.
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Alphabets |

- An alphabet ¥ is a finite set. The specific alpha-
bet does not matter much, and we'll use different
alphabets at different times.

- 1a, b}

- ASCII

- U

- {0,1,2,3,4,5,6,7,9, 8}
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Strings |

. A string over X is any finite sequence of symbols

from 3.
2. a string over .
{a,b} abbabbbaaabaa
ASCII Hello world
{} €
{0,2,1,6,3,4,7,9,5,8} | 31415926

. The € string is the string containing no symbols;

it is a string in any alphabet.
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Notation |

The length of a string s is ||

- 131415926| = 8
- le] =0

The notation a™ means the concatenation of n a
symbols

- a’ = aaaaaaa

-a’ =¢
The set of strings over an alphabet X is >*

- {a}l* ={¢e,a,aa,aaa,...}

. X __
sz, = {1 ={e}
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Grouping |

- We will often use parentheses indiscriminately:

- (ab)?* = abababab
- ((ab)?c)? = ababcababc

.- We'll try to avoid this:

-2=1),0
- 0% =)0(
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Wolves, Goats, and cabbages
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Determistic Finite Automata |

- A finite automaton is a 5-tuple (Q, 2, 0, qo, F)

- Q is a finite set of states

- X is an alphabet

- 0:0Q X X2 — Q@ is a transition function
- qo € Q is the initial state

- F < Q is a set of final or accepting states
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Transition diagrams |

Q = 1{40,91,92,93}
10,1}

™M
|

State Symbol | Goto

4o 0 a:
qo q1
q1 qs
qdi1 qo
q? qo
q? qs3
q3 q1
q3 q?

—_ O = O = O =

ao = do
F = 1qo0}
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A finite automaton |

. » Read-only tape 1. In state q
a. read a symbol c
b. move the tape head right
b. goto state delta(qg, c)
. 2. Accept iff the FA isin afinal
"« Tapehead g0 ofter reading the last symbol
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Extending the transition function |

- Extending the transition function 6 : Q X ¥ - Q
to a function on strings 6 : Q X 2* — Q.

- Define inductively:

- 5(q,€) = q
- For any string w € ¥*, and any symbol a € 3:

5(q,wa) = 8(8(q,w),a)

. Since § and 6 take arguments of disjoint types, we
usually write 0(g, w) instead of 0(gq, w).

Rl
= Qr
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Definitions and conventions |

- The lowercase letters a, b, ¢ represent symbols,
- The lowercase letters x, vy, z, w represent strings.

- A string x is accepted by an automaton M = (Q, 2, 6, qo, F)
if 0(qo,x) € F.

- The language L(M) is defined as

L(M) = {x | 0(q0,Xx) € F}

- A language is regular itf it is accepted by some
finite automaton.
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Some properties of reqgular languages |

Suppose two languages L; and L» are regular.

- Is L; U Lo regular?
- Is L; n Lo regular?

- Is 3¥* — L; regular?
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Complement is regular |

- If L is regular, there is some machine M that ac-
cepts it.

- M =(Q,%,0,q0,F)

- To build 2* — L, construct the following machine:

M, — (Q52551QO!Q_F)
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Intersection is reqular |

- If L; and L, are regular, there are FA s.t. L1 =
L(Ml) and L2 = L(Mz).

- Build a product machine:

MinM, = (Q,%0,s,F)
Q = Q1XQ
2. = 21 =2
0((q1,q2),¢) = (01(q1,¢),02(q2,¢))

s = (51,52)
Fo F = F Xk
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Verifying the product machine |

Theorem For any string X,

0((s1,82),x) € F & 01(51,x) € F1 A 02(852,x) € F>
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Equational proofs

An equational proof is a sequence of (justified) equali-
ties. If

€1
= (some reason)
€2
= (some other reason)

= (some final reason)

€n
Then, e; = e,.
.-f'}.'h'.‘.!i]?an'\
Ingm. §ﬁ Computation, Computers, and Programs Course Introduction 19
! Lft-" http://www.cs.caltech.edu/~cs20/a October 3, 2002



Main lemma |

Lemma For any string x

0((81,82),x) = (01(51,%x),02(52,x))

Proof By induction on the length of x.

Base case If x = €, then

0((81,582),€) = (51,82) = (01(81,€),02(82,€))

s Qe

S
i xl . .
Em. gﬁ Computation, Computers, and Programs Course Introduction
-.":‘, L

\Q‘r{fﬁi} http://www.cs.caltech.edu/~cs20/a October 3, 2002 20



Induction step |

Induction step

Assume 6((s1,52),x) = (01(51,x),02(52,x)).
Consider a symbol a.

Prove that 6 ((s1,s2),xa) = (01(s1,xa),02(s»,xa)).

5((s1,52),xa)

= (by definition)
0(0((s1,52),x),a)

= (induction hypothesis)

5((51(s1,x),02(s2,%)),a)
= (definition of o)

(81(81(51,%), @), 82(82 (52, %), @)
= (definition of o)
(01(s1,xa),02(52,x))
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Product theorem |

Theorem For any string X,

0((s1,82),x) € F < 01(51,x) € F1 A 02(82,x) € F>
Proof

0((s1,82),x) € F
< (definition of F)

0((s1,82),x) € F1 X F»
<  (Lemma)

(01(851,%),02(s52,x)) € F1 X I
< (Definition of %)

51(51,)() e F1 A 52(52,X) e F>
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Regular expressions |

The languages accepted by FA are easily expressed
using the language of regular expressions.

You have used them before:
— Shell: 1s -1 *.c

- Sed/vi: s/aabb*cc*/abc/g
— Shell: cd ~cs20; rm -rf *
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Definition of reqgular expressions |

- Let 2 be an alphabet. The regular expressions are
defined inductively as follows:

- ¥ is aregular expression denoting {},
- € is a regular expression denoting {€},
— for each a € 3, a is a regular expression de-
noting {a},
- Assume v and s are regular expressions de-
noting sets R and S, then
* vs denotes RS,
* v + s denoted R U S,
* v* denotes R*
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Examples of reqular expressions |

abc denotes {abc},
a™b denotes {b,ab,aab,aaab,...},

(a+b)*aa(a+ b)*: all strings containing at least
two consecutive a's.

(0*(101*01)*)*: all binary numbers that are a
multiple of 3.
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