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ABSTRACT
It is commonto evaluateschedulingpoliciesbasedon their mean
responsetimes. Anotherimportant,but sometimesopposing,per-
formancemetric is a schedulingpolicy's fairness.For example,a
policy thatbiasestowardssmall job sizessoasto minimizemean
responsetime may endup beingunfair to large job sizes. In this
paperwe de�ne threetypesof unfairnessand demonstratelarge
classesof schedulingpoliciesthatfall into eachtype.We endwith
a discussionon which jobsaretheonesbeingtreatedunfairly.

Categoriesand SubjectDescriptors
F.2.2[NonnumericalAlgorithms andProblems]: Sequencingand
Scheduling;G.3 [Probability and Statistics]: QueueingTheory;
C.4 [Performanceof Systems]: PerformanceAttributes—Unfair-
ness

GeneralTerms
Performance,Algorithms

Keywords
Scheduling;unfairness;M/G/1; FB; LAS; SET; feedback;leastat-
tainedservice;shortestelapsedtime;PS;processorsharing;SRPT;
shortestremainingprocessingtime; slowdown

1. INTRODUCTION
Traditionally the performanceof schedulingpolicies hasbeen

measuredusingmeanresponsetime (a.k.a. sojourntime, time in
system)[8, 11, 13, 16], andmorerecentlymeanslowdown [1, 5,
7]. Underthesemeasures,sizebasedpoliciesthatgive priority to
smalljob sizes(a.k.a.servicerequirements)attheexpenseof larger
job sizesperformquitewell [15]. However, thesepoliciestendnot
to be usedin practicedueto a fear of unfairness.For example,a
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policy thatalwaysbiasestowardsjobswith smallsizesseemslikely
to treatjobswith largesizesunfairly [4, 17,18,19].

Thistradeoff betweenminimizingmeanresponsetimewhile main-
taining fairnessis an importantdesignconstraintin many applica-
tions. For example,in thecaseof Webservers,it hasbeenshown
thatby giving priority to requestsfor small �les, a Webserver can
signi�cantly reduceresponsetimes; however it is important that
this improvementnot comeat thecostof unfairnessto requestsfor
large �les [8]. The sametradeoff appliesto otherapplicationar-
eas;for example,schedulingin supercomputingcenters.Heretoo
it is desirableto get small jobs out quickly, while not penalizing
the large jobs, which are typically associatedwith the important
customers.Thetradeoff alsooccursfor agebasedpolicies.For ex-
ample,UNIX processesareassigneddecreasingpriority basedon
their currentage– CPUusagesofar. Thiscancreateunfairnessfor
old processes.To addressthe tensionbetweenminimizing mean
responsetime andmaintainingfairness,hybrid schedulingpolicies
have alsobeenproposed;for example,policiesthatprimarily bias
towardsyoungjobs,but give suf�ciently old jobs high priority as
well.

Recently, thetopic of unfairnesshasbeenlookedat formally by
BansalandHarchol-Balter, who studytheunfairnesspropertiesof
the Shortest-Remaining-Processing-Time (SRPT)policy underan
M/GI/1 system[2]; andby Harchol-Balter, Sigman,andWierman,
who addressunfairnessunderall schedulingpolicies asymptoti-
cally asthejob sizegrowsto in�nity [9]. In thispaper, theseresults
areextendedto characterizethe existenceof unfairnessunderall
priority basedschedulingpolicies,for all job sizes.

In orderto begin to understandunfairnesshowever, wemust�rst
formalize what is meantby fair performance. In this de�nition,
andthroughoutthis paperwe will beusingthefollowing notation.
Wewill consideronly anM/GI/1 systemwith a continuousservice
distribution having �nite meanand �nite variance. We let
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DEFINITION 1.1. Jobsof size
�

are treatedfairly underpolicy
$ iff ���
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. Further, a schedulingpolicy is fair
iff it treatseveryjob sizefairly.

DEFINITION 1.2. Jobsof size
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are treatedunfairly underpol-
icy $ iff ���
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. Further, a schedulingpolicy is
unfair iff there existsa job size
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that is treatedunfairly.
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Figure1: Classi�cation of unfairnessshowing a fewexamplesof
both individual policiesandgroupsof policieswithin each class.

De�nition 1.1is anaturalextensionof thenotionof fairnessused
in [2, 9]. Noticethatthede�nition of fairnesshastwo parts.First,
theexpectedslowdown seenby a job of size

�

mustbeno greater
than a constant(i.e. independentof

�

). Processor-Sharing(PS)
is a commonschedulingpolicy that achieves this. UnderPS the
processoris sharedevenly amongall jobs in the systemat every
point in time. It is well known that ���
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[21],
independentof thejob size

�

. Thesecondconditionof thede�ni-
tion of fairnessis that the particularconstantmustbe �
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� , �

�

.
Although this constantmay seemarbitrary, in Section2 we will
show that �

!+�

� ,.�

�

is thelowestpossibleconstantobtainableun-
der any policy with constantexpectedslowdown. This fact is a
formal veri�cation that �

!+�

� , �

�

is the appropriateconstantfor
de�ning fairness.

With thesede�nitions, it is now possibleto classifyscheduling
policiesbasedon whetherthey (i) treatall job sizesfairly or (ii)
treatsomejob sizesunfairly. Curiously, we �nd thatsomepolicies
may fall into either type (i) or type (ii) dependingon the system
load.Wethereforede�ne threeclassesof unfairness:

Always Fair: Policiesthatarefair underall loadsandall service
distributions.

SometimesUnfair: Policies that are unfair for someloads and
someservicedistributions;but arefair underotherloadsand
servicedistributions.For mostpoliciesin thisclassweshow
thatthereexistsacutoff load �������	� , below whichthepolicy is
fair for all servicedistributions,andabove which thepolicy
is unfair for at leastsomeservicedistributions.

Always Unfair: Policiesthatareunfair underall loadsandall ser-
vicedistributions.

Thegoalof this paperis to classifyschedulingpoliciesinto the
above threetypes(seeFigure1). Schedulingpoliciesaretypically
divided into non-preemptive policiesandpreemptive policies. We
�nd that non-preemptive policiescaneitherbe SometimesUnfair
or AlwaysUnfair, however preemptive policiesmay fall into any
of thethreetypes.In this paper, we concentrateon preemptive pri-
ority basedpolicies. Theseincludepolicies for which (i) a �x ed
priority is associatedwith eachpossiblejob size(a.k.a.sizebased
policies), (ii) a �x ed priority is associatedwith eachpossiblejob
age (a.k.a. age basedpolicies), and (iii) a �x ed priority is as-
sociatedwith eachpossibleremainingsize(a.k.a. remainingsize
basedpolicies). Observe that(i) includespolicieslike Preemptive-
Shortest-Job-Firstwheresmall jobs have higherpriority, but also
includesperversepolicies like Preemptive-Longest-Job-Firstand

others. Observe that (ii) includespolicies like Feedback(FB)1

schedulingwhereyoungjobs aregiven priority, yet alsoincludes
otherpracticalpoliciesthatprimarily biastowardsyoungjobsand
alsogivehighpriority to suf�ciently old jobs.Observe that(iii) in-
cludespolicieslikeShortest-Remaining-Processing-Time-Firstand
Longest-Remaining-Processing-Time-First that bias towards jobs
with smallandlargeremainingtimesrespectively, aswell asprac-
tical hybrids. We show that all policies in (i) and(ii) areAlways
Unfair; whereaspolicies in (iii) canbe SometimesUnfair or Al-
waysUnfair.

Lastly, for thecasewherejobsarebeingtreatedunfairly, we in-
vestigatewhich job sizesaretreatedunfairly, and�nd thattheseare
not necessarilythe jobs onewould expect. Furthermore,we �nd
thattheanswerto this questiondependson thesystemload.

2. ALWAYS FAIR
Twowell known AlwaysFairpoliciesareProcessor-Sharing(PS)

andPreemptive-Last-Come-First-Served(PLCFS). Recallthat
PLCFS always devotes the full processorto the most recentar-
rival. Both of thesepolicieshave thesameexpectedperformance:
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for all
�

. An im-
portantopenproblemnot answeredin this paperis thequestionof
whatotherpoliciesarein theAlwaysFair class.This questionhas
received attentionrecentlyin the work of FriedmanandHender-
son[6], wheretheauthorsintroducea new preemptive policy, FSP
that falls into this class. Although no queueinganalysisof FSP
is known, a simulationstudysuggeststhat it achievesperformance
similar to thatof Shortest-Remaining-Processing-Time while guar-
anteeingfairness.

We now addresswhy thevalueof �

!1�

�-, �

�

appearsin thedef-
inition of AlwaysFair. It seemsplausiblethatthereexistsa policy
thatis bothstrictly fair in thesensethatall job sizeshave thesame
expectedslowdown, andhasslowdown strictly lessthan �

!+�

� ,��

�

.
We show below thatthereis nosuchpolicy.

THEOREM 2.1. There is nopolicy $ such that ���
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This theoremfollows from the lemmabelow, which providesa
necessaryconditionfor a policy to beAlwaysFair. We will appeal
to this resultin theproof of Theorem4.1.

LEMMA 2.1. If schedulingpolicy $ is AlwaysFair, then
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needonly show that
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. We accom-
plish this by boundingthe expectedslowdown for a job of size

�

from below, andthenshowing that the lower boundconvergesto
�

!1�

� , �

�

aswe let
��� �

.
To lower boundthe expectedslowdown, we considera modi-

�ed policy !

�#" $

thatthrows away all arrivalswhoseresponsetime
under $ is greaterthanor equalto % andalsothrows away arrivals
with sizegreaterthan

�

. Further, !

�#" $

worksontheremainingjobs
at theexactmomentsthat $ workson thesejobs.Wewill begin by
calculatingthe load madeup of jobs of size less than & (where

& 	'% 	
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) under !

�#" $
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. By Markov's Inequalitywe

-

NotethatFB is sometimesreferredto by two othernames:Least-
Attained-Service(LAS) andShortest-Elapsed-Time (SET).
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tuition behindtheremainderof theproof is thatas % , & , and

�

get
very large, �
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&
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approaches� which tells us that the load of
jobsthatmustcompletebefore

�

under $ goesto � .
We now derive a lower boundon the responsetime of a job of

size
�

underpolicy $ . Wewill beinterestedin large
�

, with % 	
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.
Wedivide
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& into two parts
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time from when
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3. ALWAYS UNFAIR
In thissectionwewill show thatalargenumberof commonpoli-

ciesareAlwaysUnfair. Thatis,many commonpoliciesareguaran-
teedto treatsomejob sizeunfairly underall systemloads.In each
subsectionwe will investigatea classof commonpolicies,proving
that theclassis AlwaysUnfair. Figure2 summarizesthepolicies
thatwill belookedat in this section.

Section3.1 illustratesthatall non-preemptive policiesareunfair
for all loadswhentheservicedistributionis de�nedonsomeneigh-
borhoodof zero.However, if theservicedistributionhasanon-zero
lower boundthenonly non-preemptive policies that do not make

FB

PSJF

FCFS

Age Based

Non�size Based,
Non�preemptive

Size Based
Preemptive,

Always
Unfair

Figure2: A detail of theAlwaysUnfair classi�cation.

useof job sizes(non-sizebased)areguaranteedto beunfair for all
loads.(Notethatamongnon-preemptive policiesit is not possible
to prioritize basedon ageor remainingsize.) Section3.2 shows
that any preemptive, sizebasedpolicy is AlwaysUnfair. In fact,
weshow thatany job sizethatis assigneda�x ed,low priority upon
arrival will be treatedunfairly. We next discusspolicieswherea
job's priority is a functionof its currentage.We �rst investigatea
commonpolicy of this type in Section3.3 andthenin Section3.4
extend the resultsto show that every agebasedpolicy is Always
Unfair.

3.1 Non­sizebased,non­preemptive policies
The analysisin this sectionis basedon the simpleobservation

thatany policy whereasmalljob cannotpreemptthejob in service
will likely beunfair to small jobs. For example,let usbegin with
theclassof non-preemptive policies.

LEMMA 3.1. Anynon-preemptivepolicy $ isunfair for all loads
underanyservicedistributionde�nedon a neighborhoodof zero.

PROOF. We canboundthe performanceof $ by noticing that,
at a minimum,anarriving job of size
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musttake
�

time plus the

excessof thejob that is serving.Thus, ���
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, for all � 	0� .

The above theoremsaysthat any non-preemptive policy where
somefractionof thearriving jobsaretaggedashigh priority, oth-
ersaretaggedaslow priority, andlow priority jobscannotpreempt
high priority jobs will be unfair to small jobs. Speci�cally, the
small jobsin theneighborhoodof zero,regardlessof their priority,
will have to wait behindtheexcessof theservicedistribution. Fur-
thermore,evenunderpolicieswhichdoallow somepreemption,for
examplea policy $ which allows small jobsto preemptlargeones
somefractionof thetime, thereis still unfairnessto thesmall jobs
since ���

�

�����

�'& will have a termdependenton ��� �

�

� which will
cause���

�

�����

�

� �

as
� �<*

. Suchpoliciesareunfair for all
loadswhentheservicedistribution is de�ned onaneighborhoodof
zero.

However, underservicedistributionswith nonzerolowerbounds
onthesmallestjob sizeamuchsmallersetof policiescanbeclassi-
�ed asAlwaysUnfair. Thesearethenon-sizebased,non-preemptive
policies. (Note that the remainderof the possiblenon-preemptive
policiesareexploredin Section4.1.)

THEOREM 3.1. All non-sizebased,non-preemptivepolicies $

are AlwaysUnfair.

PROOF. Assumethattheservicetimedistributionhaslowerbound
=

/

*

(we have alreadydealt with the caseof
=

�

*

). We



will show that jobs of size
=

aretreatedunfairly. Recall that all
non-preemptive, non-sizebasedpolicies have the sameexpected
responsetime for a job of size

�

[10].
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wherethe last inequality follows sincethe servicedistribution is
requiredto benon-deterministic.

3.2 Preemptive,sizebasedpolicies
In thissectionweanalyzesizebasedpolicies(i.e. policieswhere

a job receivesa priority basedon a bijection of its original size),
wherehigherpriority jobsalwayspreemptlower priority jobs. An
exampleof suchapolicy is Preemptive-Shortest-Job-First(PSJF),
which improvesoverall time in systemwith respectto PS by bi-
asingtowardsjobs with small sizes. We seekto understandthe
unfairnesspropertiescausedby this bias. Further, every policy in
thisclasswill biasagainstaparticularjob size,soit is importantto
understandif unfairnessresultsfrom this bias.

THEOREM 3.2. Any preemptive, size basedpolicy is Always
Unfair.

The remainderof this sectionwill prove this result. We will
breakthe analysisinto two cases:(1) when thereexists a �nite
sizedjob thathasthelowestpriority and(2) whenthereis no �nite
sizedjob with thelowestpriority. Case(2) will bebrokeninto two
subcases:(2.1) when priorities decreasemonotonically(i.e., the
PSJF policy), and(2.2)whenprioritiesarenon-monotonic,but no
�nite sizedjob receivesthe lowestpriority. This methodof proof
will beusedagainin Section3.4andSection4.3.

It will be helpful in the proofs below if we �rst analyzethe
Longest-Remaining-Processing-Time (LRPT) policy. At any given
point, the LRPT policy sharesthe processorevenly amongall the
jobsin thesystemwith thelongestremainingprocessingtime. LRPT
hasthefollowing expectedslowdown [9]:
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where
�

is thework in thesystemseenby anarrival and �
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thelengthof a busyperiodstartedby a job of size
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.

LEMMA 3.2. UnderLRPT, for all �nite job sizes& ,
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underanyboundedor unboundedser-
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PROOF. Theproof is immediatefrom Equation1.

Wearenow readyto prove case(1).

LEMMA 3.3. Any preemptive, sizebasedpolicy $ that gives
some�nite job size& thelowestpossiblepriority is AlwaysUnfair.

PROOF. Wewill derivethetimeajobof size& spendsin thesys-
tem.Let
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where
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is thetimeuntil & �rst
receivesservice(waiting time) and �
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is the time from when &

�rst receivesserviceuntil it completes(residencetime). Noticethat
& mustwait behindall jobs thatarealreadyin thesystem.So, its
waiting time is 
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. Further, sinceanarriving job will
preemptthe job with probabilityone,we know that the residence
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Thus,for jobsof thelowestpriority
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decreasingexpectedslowdown curve thatconvergesto �
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wecanconcludethatnomatterwhatjobsizehasthelowestpriority,
theexpectedslowdown of that job sizewill bestrictly greaterthan
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Wenow move to case(2.1).

LEMMA 3.4. UnderPSJFthere is somejob size& such that for
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unboundedservicedistribution.

PROOF. It is well known that[10]:
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sincetheservicedis-
tribution is assumedto have �nite variance.To prove thelemmait
is suf�cient to show that �
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Let usbegin by calculating
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Usingthis observation,we seethat
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RecallingEquation2,wecanconcludethatas
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from above.



Wearenow left with only case(2.2).

LEMMA 3.5. Anypreemptive, sizebasedpolicy $ where there
is no �nite job sizethat receivesthe lowestpriority is AlwaysUn-
fair.

PROOF. Note that Lemma3.4 leaves only the casewherefor
every job size

�

thereis a job size &

/

�

suchthat thepriority of
& is lessthanthepriority of

�

, but theprioritiesarenot decreasing
monotonically.

We will completethe proof by taking advantageof our knowl-
edgeof PSJF. Choosesomejob size& suchthatPSJF treatsall job
sizeslarger than & unfairly. We know that for somesize � greater
than & , � hasa lower priority thanall jobsof smallersize.Thus, �

is treated,with respectto thesesmallerjobs,asif it werein PSJF.
Further, if jobs larger than � have higherpriority than � , they will
simply raise ���

�

�

�

�

� & . Thus, � is treatedat leastasbadly as it
would have beenunderPSJF. Sinceany such � is treatedunfairly
underPSJF (by Lemma3.3),this completestheproof.

Notice that underthe policies in this section,the job sizesthat
aretreatedunfairly dependon how priorities areassigned.When
thereis a �nite job size & thatreceivesthelowestpriority, then & is
treatedunfairly. However, in thecasewhenno job sizewasgiven
thelowestpriority, weseethatit is not thelargestjob thatis treated
themostunfairly. This follows from thefactthat �

�

�

���

�

�����

�(&
��� �

is decreasingas
� � �

. Thus, someother classof large, but
not the largest,jobs is receiving the mostunfair treatment. This
observationis discussedin moredetail in Section3.3.2.

3.3 FB
We now turn to a speci�c policy, Feedback(FB) scheduling.

UnderFB, the job with the leastattainedservicegetsthe proces-
sor to itself. If several jobs all have the least attainedservice,
they time-sharethe processorvia PS. This is a practicalpolicy,
sincea job's ageis always known, althoughits size may not be
known. This policy improves upon PS with respectto meanre-
sponsetime and meanslowdown when the job size distribution
hasdecreasingfailure rate [20] andcloselyapproximatesthe op-
timal policy, Shortest-Remaining-Processing-Time,underdistribu-
tionswith regularlyvaryingtails [3]. We have [10]:
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.
GiventhebiasthatFB providesfor smalljobs(sincethey areal-

waysyoung),it is naturalto askabouttheperformanceof thelarge
jobs.Thus,understandingthegrowth of slowdown asa functionof
thejob size

�

is important.Thefollowing Lemmawill beusefulin
evaluatingFB'sperformance.

LEMMA 3.6. For all
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PROOF. Theproof is simplyalgebraic.
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THEOREM 3.3. Under FB schedulingthere is somejob size &

such thatfor all
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underanyservice
distribution, for all � . Furthermore, � �
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�����

� ��� is not monotonic
in

�

.

PROOF. The�rst partof thetheoremfollows immediatelyfrom
combiningLemma3.4andLemma3.6.

For thesecondpart,we show that ���
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�����

� ��� is monotonically
increasingfor small
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, but decreasingas
� � �

. We start by
differentiatingresponsetime:
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Recallfrom Equation2 thattheabove givesusthesignof
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Therearetwo termsin Equation3. The�rst termis clearlypos-
itive. Noticethatfor
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4 we have:
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which shows that ���
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We now prove thattheexpectedslowdown convergesto �
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[9]. Next, Equation3 gives
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any distribution with �nite secondmoment,we know that �
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Thus, there exists somejob size
�

� such that for all
�

/

�

� ,
���

�

���%�

�
��� is monotonicallydecreasingin

�

.

Theproofof this theoremshows usthatall job sizesgreaterthan
acertainsizehavehighermeanresponsetimeunderFB thanunder
PS. Counter-intuitively however, thejob thatperformstheworst is
notthelargestjob. Thus,theintuition thatby helpingthesmalljobs
FB musthurt thebiggestjobsis notentirelytrue.

Interestingly, this theoremis counterto the commonportrayal
of FB in the literature. Wheninvestigating� �

�

�����

� ��� , previous
literaturehasusedpercentileplotssuchasFigure3(b),which hide
thebehavior of the largestonepercentof the jobs [12]. Whenwe
look at the sameplots as a function of job size, suchas Figure
3(a),thepresenceof a humpbecomesevident. In fact,evenunder
boundeddistributions, this humpseemsto exist regardlessof the
boundplacedon

�

.
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Figure 3: Plots (a) and (b) show the growth of ���

�

���%�

� ��� for
�

�

�

�

. In bothcasestheservicedistribution is taken to beExpo-
nential with mean1. Thehorizontal line showsfair performance,
thus when � �

�

�����

� ��� is above this line FB is treating a job size
unfairly. Note that job sizesas low as

�

��� are alreadyin the
99.9percentileof the job sizedistribution.

3.3.1 Whois treatedunfairly?
Having shown thatsomejob sizesaretreatedunfairly underFB

scheduling,it is next interestingto understandexactly which job
sizesareseeingpoorperformance.Thefollowing theoremplacesa
lower boundon thesizeof jobsthatcanbetreatedunfairly.
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���

�������

� ��� .

���

�������

�

���

�

� �

�

�

�

�

�

�

���

�

�

� ,��

�
�

�

�

�

� , �

�

)

�

�

�

�

�

�

�

�

���

�

�

� , �

�

�

�

�

�

� ,��

�

�

�

�
�

�

� ,��

�
�

�

�

� �

� , �

�
�

�

� ,��

�
�

�

�

�

�

� ,��

�
�

�

Letting �

�

)

��,

0

� ,�� we completethe proof of the theo-
rem.

It is importantto notice that as � increases,so doesthe lower
bound � ,

0

� ,�� on �

�

. In fact, this boundconvergesto 1 as
�

�

� , which signi�es that thesizeof thesmallestjob thatmight
betreatedunfairly is increasingunboundedlyas � increases.Inter-
estingly, thiswork alsoprovidesboundsonthejob sizesthatmight
betreatedunfairly underPSJF dueto Lemma3.6.

3.3.2 Intuition for non­monotonicity
The fact that FB and PSJF have non-monotonicslowdown is

somewhat surprising. Below we provide an intuitive explanation
for this phenomenon.

For small jobs,it is clearthatFB andPSJF provide preferential
treatment.Thusit is believablethattheslowdown shouldincrease
monotonicallyasjob sizeincreases.

Next considera somewhat largejob
�

, of size
�

, wherethis job
is largeenoughthatwith highprobabilityit is thelargestjob in any
busy periodin which it appears.UnderFB andPSJF, job

�

will
completeonly at theendof thebusy period,sinceit is the largest
job in thebusyperiod. Observe that job

�

will alsoonly complete
at theendof its busy periodunderLRPT, sinceall jobs complete
at the endof the busy periodunderLRPT. Thusthe performance
of job

�

underFB andPSJF maybeapproximatedby theperfor-
manceof job

�

underLRPT. Next recallfrom Lemma3.2,thatthe

Figure 4: Plot (a) shows ���
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�����

� ����&�� (above) and ���

�

�����

� ���

(below). Plot (b) shows ���

�

�����

� ����&	� (above) and ���

�

�����

�(&���� �

(below). In bothcases�

�

�

�

andtheservicedistribution is taken
to be Exponential with mean1. Notice that the expectedslow-
down for a job of size

�

under both FB and PSJF quickly con-
vergesto the expectedslowdown of

�

underLRPT.

expectedslowdown of job
�

underLRPTconvergesmonotonically
from above to �

!+�

� ,
�

�

as
� � �

. Thus it follows that the
expectedslowdown of job

�

underFB andPSJF alsoconverges
monotonicallyfrom above to �

!+�

��,*�

�

as
� � �

. Further, it
is naturalthatLRPT hasa monotonicallydecreasingtail sincethe
asymptoticbehavior of LRPTis thesameastheasymptoticbehav-
ior of a busyperiod.

Figure4(a)shows thatFB doesin factconverge in performance
to LRPTfor largejob sizes.Figure4(b)shows thesamefor PSJF.

3.4 Agebasedpolicies
FB schedulingis oneexampleof anagebasedpolicy (i.e. poli-

cieswhereajob'spriority is somebijectionof its currentage).Age
basedpolicies are interestingbecausethey include many hybrid
policieswhere,in orderto minimizemeanresponsetime andcurb
theunfairnessseenby largejobs,bothsuf�ciently old jobsandvery
youngjobsreceive preferentialtreatment.

Observe that underFB, priority is strictly decreasingwith age.
Thus,anew arrival will runaloneuntil it achievestheage,% , of the
youngestjob in thesystem;andthenthosejobsof age% will time-
share.This timesharingis causedby the fact that if onejob starts
to run, its priority will drop,causinga differentjob to immediately
run,andsoon. In thecaseof a policy wherepriority is strictly in-
creasingwith age,a new arrival alwayshasthelowestpriority and
can't rununtil thesystemis idle.

More generallyonecanimaginea setof ageswhosepriorities
are the lowest in their neighborhood.Supposeage

=

represents
sucha localminimum.Jobswith age

=

will accumulate,andonce
onesuchjob begins to run that job will continuerunninguntil it
hits a lower priority age.Thus,thebehavior of age-basedpolicies
canbequitevaried.In our analysesbelow we will assumethatties
betweentwo jobsof thesameagearebrokenin favor of thejob that
arrived�rst.

THEOREM 3.5. Age basedpoliciesare AlwaysUnfair.

The remainderof this sectionwill prove this theoremusing a
methodsimilar to the methodusedin Section3.2. We breakthe
analysisinto two cases:(1) thecasewhenthereexistsa �nite sized
job thathasthelowestpriority and(2) whenthereis no �nite sized
job with thelowestpriority. Webegin with case(1).

LEMMA 3.7. Anyagebasedpolicy $ wherethereis a �nite age
=

that receivesthelowestpriority is AlwaysUnfair.

PROOF. Wewill show that $ mustbeunfair to ajob of size
=��

,
where

=

�

is in�nitesimally largerthan
=

.



First noticethat whena job of size
=��

arrives,all the work in
the systemcanbe guaranteedto be completedbefore

=

�

leaves.
Further, all arriving jobsof size

�

will have
� �����

�

�

=��

work com-
pletedon thembefore

=

�

leaves the system. Thuswe canview
this asa busyperiodandderive:
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, theabove conditionis metfor all �nite
=

.

Wenow move to case(2).

LEMMA 3.8. Anyage basedpolicy where no �nite job sizehas
thelowestpriority is AlwaysUnfair.

The proof of this �nal lemmafollows from Theorem3.3 andan
argumentsymmetricto theproofof Lemma3.5.

4. SOMETIMES UNFAIR
We now move to theclassof SometimesUnfair policies– poli-

ciesthat for some � treatall job sizesfairly, but for other � treat
somejob sizeunfairly. In Section4.1we returnto non-preemptive
policiesandillustratethatwhentheservicedistributionsetsa non-
zerolower boundon thesmallestjob size,non-preemptive policies
can avoid being Always Unfair by making useof job sizes,but
cannotattaintheAlwaysFair class.In Section4.2webuild onpre-
viouswork in [2] to show thattheShortest-Remaining-Processing-
Time(SRPT) policy is SometimesUnfair (underbothboundedand
unboundeddistributions). Speci�cally we show that: for �

)

-

� ,
���

�

�����

�
��� &	� is monotonicallyincreasingin

�

for all
�

andis al-
ways lessthan or equalto �
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. However, for �
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� � � ��� ,
we seenon-monotonicbehavior: ���

�

�����

� ����&�� is monotonically
increasingin

�

for all
�

suchthat �

�����

)

-

� but is monotonically
decreasingin

�

for all
�

greaterthansome
�

� . Wealsocontrastthe
behavior of SRPTunderboundedversusunboundedservicedistri-
butions. More generally, in Section4.3 we analyzethe full class
of remainingsizebasedpoliciesandshow thatany remainingsize
basedpolicy is eitherSometimesUnfair or AlwaysUnfair.

4.1 Non­preemptive,size­BasedPolicies
This sectioncompletesthe analysisof non-preemptive policies

begunin Section3.1. It is basedontheobservationthatif thereis a
lowerboundonthesmallestjobsizein theservicedistribution,then
it is possiblefor a non-preemptive policy to avoid beingAlways
Unfair.

THEOREM 4.1. Anynon-preemptive, size-basedpolicy $ is ei-
therSometimesUnfair or AlwaysUnfair.

PROOF. Recallthat
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(
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� for all
non-preemptive policies ! , by Theorem4 from [9]. Thus,we can

applyLemma2.1to concludethata non-preemptive policy ! can-
not attainAlwaysFair. Thus, $ (beinga non-preemptive policy)
mustbeeitherAlwaysUnfair or SometimesUnfair.

Observe thereareexamplesof sizebased,non-preemptive poli-
ciesin eachof thetwo classes.For instance,it caneasilybeshown
that the Longest-Job-First(LJF ) policy is AlwaysUnfair. How-
ever, Shortest-Job-First(SJF) is only SometimesUnfair – that is,
thereexist servicedistributionsandloadssuchthat ���

�
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� ���#� )

�
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for all
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. Oneexampleof suchadistributionandloadis
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4.2 SRPT
Underthe SRPTpolicy, at every momentof time, the server is

processingthejob with theshortestremainingprocessingtime. The
SRPTpolicy is well-known to beoptimalfor minimizing meanre-
sponsetime [14]. Themeanresponsetime for a job of size

�

is as
follows [15]:
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Recallthatthisexpressionprovidesuswith thesignof thederiva-
tive of slowdown. Thereare3 termsin theabove expression.The
�rst of thesetermsis clearly positive. The third of thesetermsis



alsoclearlypositive. We will completetheproof by showing that
thethird termis of largermagnitudethanthesecondterm.

To obtaina boundon thethird term,we canquickly show that
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To furtherspecifythis boundwe cancompute
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Finally, putting all threetermsbacktogetherwe seethat when
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COROLLARY 4.1. If �
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PROOF. This follows immediatelyfrom theabove theoremand
by recallingthefollowing result:for any work conservingschedul-
ing policy $ ,
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� was �rst proven in [2] usinga different techniquethat did not
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� ����&	� asa functionof increasing
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.
The previous theoremshowed monotonicallyincreasingslow-

down for SRPTunderlow load. We now show that if loadis suf�-
cientlyhigh,avery differentbehavior occurs.
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bution.

Earlierwork (seeTheorem8 of [2]) showed that for a bounded
job sizedistribution, the largest job size
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hasthe property that

���

�

� �%�

� ����&	�0/

�

!+�

� ,3�

�

. Theabove theoremextendsthis re-
sult to unboundedjob sizedistributionsby utilizing monotonicity.
Themonotonicityresultabove is somewhatsurprising.Onemight
assumethat the largestjobsaretheonesreceiving themostunfair
treatmentunderSRPT. This is in factthecasefor boundedjob size
distributions,however it is not true for unboundedjob sizedistri-
butions.

PROOF. The proof for the unboundedcaseis somewhat tech-
nical, but will follow a similar methodto the previous proof. We
will show that as
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the derivative of expectedslowdown
approacheszerofrom below.

As in Equation2, themainsectionof theproof will againlook
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So,thederivative of slowdown convergesfrom below whenthis is
lessthanzero,whichoccurswhen
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Figure 5: Plots (a) and (c) show the growth of ���

�

�����

� ����&��

for �
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, while (b) and (d) show ���
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� .
In both casesthe servicedistribution is taken to be Exponential
with mean1. The horizontal line shows fair performance,thus
when ���

�

�����

� ����&	� is above this line SRPTis treating a job size
unfairly.
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. The

remainderof the proof boundsthis valueaway from zero,which
provestheexistenceof a ��������� . Becausetheremainderof theproof
is algebraic,we leave it in AppendixA.

The existenceof this
�

� size beyond which ���

�

�����

�
����&�� is

monotonicallydecreasinghasgoneunnoticedby previousresearch.
Thereasonis thatpercentileplotsaretypically usedwhenviewing
expectedslowdown. As seenin Figure5, becausethe humpoc-
curs aroundthe 99th percentileit is hiddenwhen looking at the
percentileplots in Figure5 (c) and(d). Viewing thosesameplots
asa function of job size,suchasin Figure5 (a) and(b), reveals
theexistenceof a humpunderhigh load. Notethatthepeakof the
humpoccursfar from thelargestjob size.

4.2.1 Whois treatedunfairly?
Having seenthatSRPTis SometimesUnfair, it is interestingto

considerwhich job sizesarebeingtreatedfairly/unfairly. Thefol-
lowing theoremshowsthatas� increases,thenumberof jobsbeing
treatedfairly alsoincreases.

THEOREM 4.4. For
�

such that �
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.

The proof of Theorem4.4 follows immediatelyfrom Theorem
3.4, Theorem4.2, and the following lemma,which allows us to
boundtheperformanceof SRPTby thatunderFB.

LEMMA 4.1. For all
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PROOF. Theproof is simply algebraic
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4.2.2 Intuition for dependenceon load
Similarly to FB, noticethatSRPTexhibitsnon-monotonicityun-

derhigh load. Unlike FB however, SRPTdoesnot have this non-
monotonicityat all loads. Intuitively, theexistenceof a humpcan
be explainedin the sameway asit wasfor FB andPSJF in Sec-
tion 3.3.2. Underhigh load, the large jobs in anSRPTsystemdo
nothave theopportunityto increasetheirpriority by reducingtheir
remainingsize.Thus,thelargestjob to arrive in a busyperiodwill
likely bethelastto leave. This leadsto unfairness.

However, SRPTdoesnotalwaystreatlargejobsunfairly because
during low load, the large job is often alonein its busy period,
which provides it the opportunityto increaseits priority as it re-
ceivesservice.Consequently, the large job will sometimesnot be
thelastjob to �nish in thebusyperiod.

4.3 Remainingsizebasedpolicies
SRPTis oneexampleof a remainingsizebasedpolicy. In this

sectionwe will examinethe entireclassof remainingsizebased
policies (i.e. policies wherea job's priority is somebijection of
its remainingsize). Theclassof remainingsizebasedpoliciesin-
cludesmany hybrid policies;for examplepolicieswhere,in order
to minimize meanresponsetime andcurb the unfairnessseenby
largejobs,bothjobswith verysmallandsuf�ciently largeresponse
timesaregivenpreferentialtreatment.

Theclassof all remainingsizebasedpoliciesis quitebroad. In
the sameway as for agebasedpolicies, therearemany possible
mappingsbetweenpriority andremainingsize,allowing for multi-
ple local minima in prioritiesandmany interestingbehaviors. We
will againchooseto breaktiesamongjobs in thesystemwith the
samepriority in favor of thejob thatarrived�rst.

AlthoughSRPTis in this classandis SometimesUnfair, not all
suchpoliciesareSometimesUnfair. For instance,theLRPTpolicy
is AlwaysUnfair asshown in Lemma3.2.

THEOREM 4.5. All remainingsizebasedpoliciesareeitherSome-
timesUnfair or AlwaysUnfair.

The remainderof this sectionwill prove this theoremusingthe
samemethodthat was usedin Section3.4 and Section3.2. We
breaktheanalysisinto two cases:(1) thecasewhenthereexistsa
�nite sizedjob thathasthelowestpriority and(2) whenthereis no
�nite sizedjob with thelowestpriority.

LEMMA 4.2. Any remainingsizebasedpolicy $ with a �nite
remainingsize

=

havingthelowestpriority is eitherAlwaysUnfair
or SometimesUnfair.

PROOF. We will begin by deriving the expectedperformance
seenby a job of original size

=

, enteringthesystemunder $ . No-
tice that all work initially in the systemwill be completedbefore
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beginsto beworkedon. In addition,all arrivalsduringthis time
that have sizelessthan

=

will be completedbefore
=

leaves the
system.However, once
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startsbeingworkedon andhasremain-
ing size

�

, the only arrivals that areguaranteedto �nish before
=

leavesthe systemare thosearrivals of size lessthan
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canview thisasa busyperiodandderive
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We will now show that
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will be treatedunfairly underhigh
enoughload.Usinga similarderivationto thatshown in Equations
4 and5, wecanseethat ���
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.

LEMMA 4.3. Any remainingsizebasedpolicy $ where an in-
�nitely sizedjob hasthelowestpriority is eitherSometimesUnfair
or AlwaysUnfair.

The proof of this �nal lemmafollows from Theorem4.3 andan
argumentsymmetricto theproofof Lemma3.5.

5. CONCLUSION
The goal of this paperis to classify schedulingpolicies in an

M/GI/1 in termsof their unfairness. Very little analytical prior
work existsonunderstandingtheunfairnessof schedulingpolicies,

andwhatdoesexist is isolatedto a coupleparticularpolicies.This
paperis the �rst to approachthe questionof unfairnessacrossall
schedulingpolicies.Ouraimin providing thistaxonomyis, �rst, to
allow researchersto judgethe unfairnessof existing policiesand,
second,to provideheuristicsfor thedesignof new schedulingpoli-
cies.

In ourattemptto understandunfairness,we �nd many surprises.
Perhapsthe biggestsurpriseis that for quite a few commonpoli-
cies,unfairnessis a function of load. That is, at moderateor low
loads,thesepoliciesarefair to all jobs. Yet at higherloads,these
policiesbecomeunfair. This leadsusto createthreeclassi�cations
of schedulingpolicies:AlwaysUnfair, SometimesUnfair, andAl-
waysFair (shown in Figure1). Ratherthanclassifyingindividual
policies, we group policies into different types: size based,age
based,remainingsizebased,andothers.Weprove thatall preemp-
tive sizebasedandagebasedpoliciesareAlwaysUnfair, but that
remainingsizebasedpoliciesandnon-preemptive policiesaredi-
vided betweentwo classi�cations. The result that all preemptive
sizebasedpoliciesareAlwaysUnfair mayseemsurprisingin light
of the fact that one could chooseto assignhigh priority to both
small jobsandsuf�ciently large jobs in anattemptto curb unfair-
ness.

With respectto designingschedulingpolicies,we�nd thatunder
high load,almostall schedulingpoliciesareunfair. Howeverunder
low loadonehastheopportunitytomakeapolicy fairbysometimes
increasingthepriority of largejobs.For example,PSJF andSRPT
have very similar behavior anddelaycharacteristics,but result in
completelydifferent unfairnessclassi�cationsbecauseSRPT al-
lows largejobsto increasetheir priority, whereasPSJF doesnot.

A varietyof techniquesareusedin orderto classifypolicieswith
respectto fairness.For classifyingindividualpoliciesit is usefulto
try to prove monotonicitypropertiesfor thepolicy over aninterval
of job sizes. It then suf�ces to considerthe performanceof the
policy on just oneendpointof the interval. In classifyinga group
of policies, it helpsto decomposethe group into two cases:the
casewherethelowestpriority job hasa�nite size/age,andthecase
wherethelowestpriority job hasin�nite size/age.In thelattercase,
we �nd that the fairnesspropertiesfor theentiregroupof policies
reducesto lookingatoneindividual policy.

Sinceso many policiesareAlwaysUnfair, andso many others
areSometimesUnfair, it is interestingto askwho is beingtreated
unfairly. Initially it seemsthatunfairnessis anincreasingfunction
of job size,with thelargestjob beingtreatedthemostunfairly. This
is in factthecasefor mostboundedjob sizedistributions.However,
for unboundedjob sizedistributions,we �nd this usuallynot to be
thecase.Instead,unfairnessis monotonicallyincreasingwith job
sizeup to a particularjob size;andlater is monotonicallydecreas-
ing with job size. Thusthe job beingtreatedmostunfairly (“top
of the hump”) is far from the largest. Interestingly, this “hump”
changesasa functionof load.

Theabove�ndings show thatwearejustbeginningto understand
unfairnessin schedulingpolicies. This is a fertile areawith many
morepropertiesyet to beuncovered.
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APPENDIX

A. SRPTIS SOMETIMES UNFAIR
We now completethe proof of Theorem4.3 by showing that
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To betterunderstandTheorem4.3 it is interestingto look at the
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Theorem4.3 thentells us that for �
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, SRPTwill not
have slowdown monotonicityunderan �
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servicedistribu-
tion. Further, for these� , SRPTis guaranteedto treatsomejob size
unfairly. It is importantto pointout theloosenessof thisbound.By
plotting the actualequationfor expectedtime in systemunderan
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distributionwe �nd thatthetruecritical valuefor � in this
caseis just under.7, muchlower thanthevalueobtainedusingthe
methodin thepreviousproof.


