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Model

K positions, N bidders.

The click-through rate of bidder s in positions ¢ is esxy,

l.e. separable into

1. advertiser effect (or relevance) e
2. position effect x; (x1 > x2 > ... > xK).

Bidder s has per-click value of ws.

If bidder s obtains slot ¢ at price of p per click, utility is

l.e. quasi-linear.

esrt(vs — p),
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Auction Rules

The auctioneer assigns a weight wg to each bidder s

[Aggarwal et al. '06].

Bidders submit bids (reported values) b;.

Bidders are ranked in order of decreasing score w;bs.

Bidder s pays per click the lowest bid necessary to

maintain Its position:
Wsbs > Ws11bs41

“Yahoo model™: ws = 1.

“Google model™: ws = e.

= by >

Ws41

Wg

bs—i—l
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Efficient Ranking

A bidder's true score is vy = wgvs.

An allocation of slots to bidders o : K — N maximizes
the objective

Z LtWo (t) Vo (t)
t

if and only if bidders are ranked in decreasing order of
true score.

Follows easily from the fact that 1 > 29... > 2.

If ws = ey, the objective is the total value.
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Pure-Strategy Nash Equilibrium

* Ad-hoc justification:
bidders constantly update their bids until they find

their current position is preferred to any other,
given others’ bids.

® An allocation and vector of bids constitute a pure-strategy
Nash equilibrium if, for each slot s,

Ws41 Wt+1

bs+1) > esxi(vs — bi+1) (t>s)

W W

<~ xs(wsvs — ws—|—1bs—|—1) > xt(wsvs — wt—i—lbt—i—l) (t > 3)

€sLs (Us T

and

Ts(WsVs — Wsr1bs11) > Te(wsvs — wiby) (< 8)
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Partial Characterization

® (Can have a multiplicity of Nash equilibria, in terms of both
bid vectors and allocations.

* What allocations can arise in Nash equilibrium?

Lemma 1 An allocation can arise in pure-strategy Nash
equilibrium only if

L Li4l — Ly
r, = Ty
Li+l Lf — Xy

forl<i:< K—2andj>1+2.

® Proof sketch: Farkas lemma.

* Complete characterization known for the case where N = 3
[Borgers et al., '07].
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Bound on Efficiency

Example: 5 bidders, number them such that r{ > 1, > ... > r;5.

T1T3 + ToTg + T311 + L4715 + X574
T1T1 + ToTo + X373 + TaT4 + T5T5

) X173 XT2T2 XI371 X475 X514
min

Vv

516‘17“1’ 516‘2""2’ 333""373357“57 L4T4

) L1r3 Isra
—  min ;
L1T1 T4T4

) L1 X2 — X3 Ih
> min :
L2 X1 — I3 T4

In general, we can give a lower bound of

: : Li Li+1 — Li+2 Li41
L= min min :
1=1,....N—1 Li+1 Lj — L4542 Ly
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Exponential Decay

 For the exponential decay model, z; ~ 1/8! for § > 1, we

have
. o 1
L — mlﬂ{l—_l_é,g}

° 0 =1.428 [Feng et al., '06], L = 0.6.
* § = 1.5 [Borgers et al., '07], L = 0.59.

* My own estimates on a keyword, without exponential
decay, L = 0.07...

* Need to pay particular attention to ordering at the top,
and at breaks in the ad display.
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Symmetric Equilibrium

* To analyze revenue, assume bidders are playing a
“locally envy-free equilibrium” [Edelman et al. '06]
“symmetric equilibrium” [Varian '06].

* An allocation and vector of bids constitute a symmetric
equilibrium if, for slots s, ¢,

Ws+1 W41

bs—l—l) > esmt(vs — bt—l—l)

€sls (Us —
ws wS

<~ st(wsvs — ws—l—lbs—i—l) > «Tt(wsvs — wt—l—lbt—|—1)
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Properties

® Implies that complementary slackness conditions for the
assignment problem hold.

® In symmetric equilibrium, bids are such that bidders are ranked in
order of decreasing true score.

WeVs > WUy < Webg > wiby.
Maximizes objective } , Wy () Vo (1) -

If w, = e, symmetric equilibrium is efficient.

® Set of symmetric equilibrium bids forms a lattice
[Shapley and Shubik, '72].

There exist minimum and maximum bid vectors.

Select the minimum element, to optimize a lower bound on
revenue.

When ws = e5, minimum element gives Vickrey payments
[Leonard, '83].
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Payments in Symmetric Equilibrium

Let

1 if bidder s gets slot ¢
yst(€7 U) — .
0 otherwise

The total payment of bidder s in minimum symmetric equilibrium is
K

W41
Z 0 Gs(iUt—ZCt+1)’lJt+1

S

t=s
— eSth [vsyst(e,v)—/ Yse(e, T,v_g)dT| .
t=1 .

Very similar to [Myerson '81]’s analysis of the single-item case.
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General Problem Formulation

N K
max zrrests(es, vs)yse(e,v) fe,v) dvde
N A D %) 3¢ et e, 0) (e, v)

s=1t=1

s.t. Zyst(e,v) <1 Vs, e, v
t

Zyst(e,v) <1 Vt, e, v

Would like to rank bidders according to their “virtual scores” e ) (es, vs).

1 — F(vsles)

w(esfvs) = Vs f('Us|€s)

But we are restricted to ranking according to scores of the form

9(68)’08 + h(es)-

SISHOO 2007 — p.18



Restricted Family of Weights

We restrict our attention to weights
wg = €
where ¢ € (—o0, +00).

* Yahoo model: ¢ = 0.
* Google model: ¢ = 1.

Recall the equilibrium payment:

K . q
t+1

E( - ) es(l’t—%ﬂ)vtﬂ
S

t=s
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Efficiency and Relevance

K

Total relevance is Z €Tt

t=1
Proposition 1 Total relevance is non-decreasing in q.
Intuition: the impact of relevance on the score increases
relative to the bid as ¢ increases.

K

Total value (efficiency) is Z e T4t
t=1

Proposition 2 Total value is non-decreasing in q for ¢ < 1

and non-increasing in q for ¢ > 1.
Intuition: at ¢ = 1, efficiency is maximized in equilibrium.

SISHOO 2007 — p.20



Simulations

Obtained bid and click-through rate data for advertisers
bidding on a high-volume keyword in summer of 2006.

Bidder values estimated by deriving bounds according to
symmetric equilibrium [Varian '06].

Marginal distributions:

* Value: Lognormal, ;1 = 0.35 and ¢ = 0.71.
* Relevance: Beta, a = 2.71 and b = 25.43.

Spearman correlation between value and relevance was
in |0.36,0.55] over a month.

Modeled dependence between value and relevance with a
Gaussian copula.
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Revenue Effect of Correlation
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R(q)

Correlation of 0.4
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R(q)

Efficiency Bounds
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R(q)

Relevance Lower Bound
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Bidding Credits

Suppose bidder s only pays a fraction ¢, € [0, 1] of the price he faces.
The symmetric equilibrium constraints are

Ws41 Wi41
esxs(vs - Cs—bs—l—l) Z esxt(vs — Cg bt—l—l)
S wS
ws wS
& X(—Us — Wsp1bst1) 2> T (—vs — Wip1bi41)
CS CS
Letting w’, = %= and b/, = csbs, we get

Qfs(w;’vs — w;+1bls+1) > xt(w;vs — ’wz/t+1b;+1)

Back to the original symmetric equilibrium inequalities!
® Revenue will be the same as if we had used weights w’.

® To go from Google-model revenue to Yahoo-model revenue, set
credits to ¢, = e;.
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Summary

With correlation of 0.4, ¢ = 0 is optimal, yielding 25%
more revenue than ¢ = 1.

Imposing a bound of 5% loss in efficiency and relevance
from baseline of ¢ = 1, ¢ = 0.6 is optimal with 11%
Improvement In revenue.

Optimal reserve score is 0.2—it gives 8% increase in
revenue, but 13% efficiency loss and 26% relevance loss.

In theory, same effect could be achieved with bidding
credits.
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Conclusions

Pure-strategy Nash equilibria of keyword auctions should be
quite efficient.

Open question as to whether “swaps” are a problem.

Optimal keyword auction design problem can be formulated
as a mathematical program.

Open question as to how to solve the program for general
weighting schemes.

Changing exponent g on advertiser effect can improve
revenue, depending on correlation between value and
relevance.

Simulations suggest this approach can be more effective
than using a reserve score.
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