RARE EVENTS AND HEAVY TAILS
IN STOCHASTIC SYSTEMS

BERT ZWART

ABSTRACT. This is a set of lecture notes on large deviations and
heavy tails in stochastic systems. After an introduction, a short
and biased review on heavy-tailed distribution is given. Appli-
cations are mostly concerned with stochastic networks, and cover
single-server queues, regenerative processes, and fluid models.

1. INTRODUCTION AND BACKGROUND

In this short course, we focus on several problems related to the
following topics:
(1) Rare event analysis (in particular large deviations);
(2) Heavy tails;
(3) Applied Probability models arising in applications such as com-
puter systems, communication networks and actuarial mathe-
matics.

The assumed background is a first course on probability, and basic
concepts related to Markov Chains and Poisson Processes. Renewal
theory will be reviewed when necessary. In general, some mathematical
maturity (especially with respect to analytic methods) is desirable.
Advanced concepts such as measure theory, functional analysis, and
general topology are not required.

The goal of this course is to get acquainted with several mathemat-
ical notions and concepts related to the above-mentioned three topics.
Ideally, at the end of this course, you should have a good intuition
about how rare events in stochastic systems take place when some of
the random variables are heavy tailed. You will also get exposed to a
range of proof techniques.

The goal of the first lecture is to give an overview of several mod-
els arising in applications, and to give an introduction to rare event
analysis and heavy tails.

1.1. Rare events. Informally, an event is rare if it has small probabil-
ity. The concept of "small” is vague, and depends on the application.

Often, the event modeled is undesirable: for example an email that
1
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gets lost, a supercomputer computation that unsuccessfully terminates,
or an insurance company that is getting bankrupt. Formally, such an
event is denoted A,,, where n is a parameter. Thus, we have a sequence
of events A,,n > 1, such that P(4,) — 0.

To get some appreciation for rare events, it is important to review
the main limit theorems in probability theory, which include the law of
large numbers (LLN) and the central limit theorem. Let X;,1 > 1 be a
sequence of independent and identically distributed (i.i.d.) real-valued
random variables, with u = E[X;] well defined. Let Sp = 0 and for
n>1,letS,=X1+...+ X,

1.1.1. Laws of large numbers. The strong law of large numbers (SLLN)
states that

P(lim 5,/n=p)=1, (1)

we often say that S,,/n — p almost surely (a.s.). The weak law of large
numbers (WLLN) states that

lim P(|S,/n—pul >€) =0 (2)

for every € > 0. A proof of these theorems is not relevant for this course.
The main point is that these theorems rigorously establish that

Sy, & un for n large. (3)

1.1.2. Central limit theorem. If the variance 0? = E[X?] — u? of X,
is assumed to be finite, then it is possible to refine the weak law of
large numbers. Let U be a random variable with a standard Normal

distribution, i.e. U has density \/%76_512. The CLT states

Sy — pHn g

- AU 4

U\/ﬁ ’ ()
as n — Q.

(Recall that a sequence of random variables Z,, converges in distri-
bution to Z if P(Z, < z) — P(Z < x) for every x where P(Z < x) is

continuous; this is abbreviated as Z,, Lz )

Again, a proof of the CLT is beyond the scope of this course. The
point which is relevant for us is that the CLT makes the heuristic
statement

S, &~ un + O(y/n) for n large. (5)
rigorous. In fact, the term O(y/n) can be written as cU+/n.

In short the CLT states that typical deviations from the mean
are of the order /n.
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1.1.3. Large deviations; Cramérs theorem. For random walks, it is nat-
ural to think of rare events in the following way: Rare events are events
that have too small probability to be explained by the central limit the-
orem.

A key example is the following. Let a > p and define A, = {S,, >
na}. It is clear that P(A,) — 0, but 0 is not a very useful approxima-
tion for such a probability. The question is therefore: what can we say
about the convergence rate to 07

Assuming that P(X; > a) > 0, we observe that

P(S, >an)> P(X; >a,i=1,...n) = P(X; >a)". (6)

Therefore, the convergence is at most exponentially fast (so it cannot
go to zero at a speed of e for example). This example is taken from
[31]. To get an upper bound, verify that for any 6 > 0,

P(S, > an) < E[e**1]re 0, (7)

If we optimize over § we obtain (verify) the Chernoff bound, which
states that
P(S, > an) < e ™M@, (8)
with I(a) = supys,[fa—1log E[exp{0#X;}]]. That this upper bound is, in
some sense, sharp follows from Cramér’s theorem, which can be seen
as a third main limit theorem (apart from the LLN and CLT), and
can be seen as a starting point of large deviations theory. The term
large deviations comes from the fact that we study deviations from the
mean that are not of O(y/n) (which is a normal deviation), but O(n).
Examples of texts on classical large deviations are [12, 18, 31].
In a simplified form, Cramérs theorem states that

lim %log P(S, > an) = —I(a). (9)
A proof of this theorem is covered later in this course. At this point,
it only serve to illustrate that often, large deviation probabilities
converge to zero at exponential rate. In this case, this rate is
I(a).

This is only meaningful if I(a) > 0, otherwise the bound P(S, >
an) < e~ is not informative. Using elementary convex analysis, it
can be shown that I(a) > 0 if @ > p (a natural condition required to
make the event A, rare) and

E[e?'] < oo for some 6 > 0. (10)
This is equivalent to the condition that

P(X; >z) < Me (11)
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for some M < oo and € > 0.

Therefore, if X satisfies (10), we say that X; has a light (right)
tail, or more informally (the distribution of) X is light tailed. Sums
and mixture of exponential distributions, the more general class of
phase-type distributions, and distributions with bounded support are
all light-tailed.

1.2. Heavy tails. If
E[e"] = oo for all § > 0, (12)

we say that X, has a heavy (right) tail. More informally, we say that
(the distribution of) X is heavy tailed. An example of a heavy-tailed
distribution is the Pareto distribution, determined by

PX,>z)=a%2z>1, (13)

with @ > 0 a constant. One can easily verify that (10) is not satisfied.

If X, is heavy-tailed, then I(a) = 0, and therefore the Chernoff
bound is not meaningful. Large deviations theory for light tails heavily
relies on the non-triviality of I(a), and is therefore not applicable.

One of the first main results we shall establish is that in the Pareto
example (13) P(A,) = O(n'~®). This is fundamentally different from
the exponential convergence rate for light tails.

Another fundamental difference is the most likely way the rare event
A, happens, given that it occurs. We shall analyze this most likely
way, and will compare it with the light-tailed case.

1.2.1. Relevance. Why do we care about heavy tails? The answer is
simple from a practical standpoint: statistical evidence shows that
many real-life quantities can be modeled as a heavy-tailed random vari-
able. Examples are:

e Income of an arbitrary household,

e File sizes, session lengths and other quantities in computer-
communication networks,

e Claim sizes (think of the hurricane Andrew in 1992 or the Sep-
tember 11 attacks in 2001).

e Daily log-returns in financial markets.

Stochastic systems with heavy tails are difficult to simulate since rare
events are do not have as small probability in conventional stochastic
systems with light tails. In addition, heavy tails typically do not al-
low an explicit mathematical analysis of stochastic models, while light
tails do (using sums and mixtures of exponential distributions). It is
sometimes even hard to find a convenient Markovian description of the
system of interest. Therefore, asymptotic techniques that analyze the
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frequency and nature of rare events in stochastic systems with heavy
tails are not only of theoretical relevance. A key text on heavy tails
with more real-life examples and a wide range of theoretical results is
the monograph [15], focusing on applications in finance and insurance.
The present lecture notes are more focused on stochastic networks.
More references and background information can be found in [35].

1.3. Some canonical models.

1.3.1. Ruin models. Consider an insurance company with initial capital
x. The premium rate of the insurance company is fixed (say ¢ Euro
per time unit). Thus, the total capital at time ¢ would be z + ¢t if no
claims occur. We assume however, that claims do occur at a Poisson
process with rate A. The size of the ith claim is B;. If N(¢) is the total
number of claims up to time ¢, then the amount of capital R(t) at time
tis

N(#)
R(t) :x—i-ct—ZBi. (14)
i=1

A key performance measure in actuarial mathematics is the function
p(x) = P(infiso R(t) < 0 | R(0) = z). The quantity 7(x) = inf{t :
R(t) < 0} is called the time until ruin. Thus, p(z) = P(7(x) < c0) is
the probability that the insurance company gets ever ruined.

Let E; be the time between two claims and set X; = B; — c¢F;. From
a practical standpoint, it is realistic to assume that the premium rate ¢
is large enough so that E[X;] < 0. If we define Sy = 0 and, for n > 1,
S, = X1+ ...+ X, then it can be verified that

p(z) = P(sup S, > x).
n>0

(Hint: ruin can only occur at claim arrival epochs.)

The distribution of the quantity M = sup,~, S, can be explicitly
computed if B; has an exponential or Erlang distribution. For general
distributions of the claim size (particularly heavy-tailed distributions),
only the quantity E[e=*M] (i.e. the Laplace-Stieltjes Transform of the
distribution of M) can be computed (assuming the claim sizes are i.i.d.
and independent of the arrival process).

As we shall see during this course, it is possible to analyze the behav-
ior of p(z) as x — oo. A typical problem is how to choose x such that
p(z) is smaller than some acceptable level (say €). If p(z) ~ e™7*, then

one should take z = %. If p(x) =~ x~%, then one needs to choose

xr = e /* Tt is not hard to see that e '/* is much larger than — loge
is € is small. Thus, if € is small, then one needs a much higher safety
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capital when the claim sizes are not light tailed but heavy tailed. We
refer to the textbooks [4, 5, 28] for more background on ruin models.

1.3.2. The single server queue. Consider the following model: cus-
tomers arrive at a service facility according to a Poisson process with
rate A. Suppose that E; is the time between the ith and (i + 1)-st
arriving customer. The ith customer has job size B;. The server works
at unit speed as long as there is work in the system. Let W, be the
total amount of work when customer n arrives. It can be shown that

Wn+1 = (Wn + Xn)Jr? (15)

with y© = max{0,y} and X,, = B,, — E,. If the sequence X,,,n > 1
is i.i.d. (which we assume), then it can be shown that the sequence
W,,n > 01is a Markov chain. The recursion (15) is known as Lindley’s
recursion, and also describes the waiting time of the nth customer if
the service discipline is First Come First Served (FCFS).

If E[X,] < 0, then it can be shown that W, LW, with W £
(W + X1)*. This does not depend on W;. If Wy = 0 (numbering

customers from 0 onwards), then it can be shown (using duality theory
for random walks) that

W, < sup S (16)
ke{0,1,....,n}
Thus,
WL sup  Sk. (17)
ke{0,1,..}

We conclude that the waiting time tail probability can be expressed as
a ruin probability. [4] is a good source of information on properties of

w.

1.3.3. Fluid models. Modern communication networks transmit data
that typically consists of small packets. For example, in ATM networks,
files are broken into packets of 56 bits each. Since these packets are
small and deterministic in size, it makes sense to model them as fluid.
This leads to a fluid model, which is known as the Anick-Mitra-Sondhi
(AMS) model [1].

An informal description of the model is as follows. Consider a fluid
reservoir which can store infinite amount of fluid. At the bottom of
the reservoir there is a hole, through which fluid can drain at rate c.
The reservoir is being fed by N statistically identical sources. Each
source is either "on” or ”off”, and is therefore called an on-off source.
On-times are exponentially distributed with rate p, and off-times are
exponentially distributed with rate A. Formally, for source n, I,,(t) = 1
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if source n is on at time ¢t and 0 otherwise. The process I,(t),t >
0 is a two-state Markov chain, since the on and off-times are both
exponential.

If a source is on, it feeds fluid into the buffer at rate r. The total
amount of fluid offered to the buffer between time 0 and ¢ is

At) = TZ/O L, (s)ds. (18)

A key quantity of interest is the amount of fluid in the reservoir if
the system is operating in steady state. It can be shown (this is beyond
the scope of these notes) that

P(V > x) = P(suplA(t) — ct] > z). (19)
>0
Moreover, using the fact that (V(t), 1(t)),t > 0, (with I(t) = Zfil I,(t))
is a Markov chain, the distribution of V' can be computed. In fact, it
is possible to find constants K; and ; such that

N
P(V>z)=) Ke (20)
=1

Although the method to compute this is interesting, it is not of much
relevance for this course. The main point is that (i) light tails (in par-
ticular exponential tails) allow for a Markovian modeling and explicit
analysis; (ii) P(V > z) is decreasing to 0 at exponential rate (deter-
mined by the smallest of the constants 7;). Both properties will be lost
when the on-times will have a heavy-tailed distribution.

1.4. Concluding remarks. For all three models, we shall investigate
the tail behavior of probability of interest when the underlying distri-
butions are heavy tailed. To do this, we first need to develop the theory
of heavy-tailed distributions.

2. HEAVY TAILED DISTRIBUTIONS AND REGULAR VARIATION

The first main topic of this course is concerned with several sub-
classes of heavy-tailed distributions. Subclasses are necessary, since the
full class of heavy-tailed distributions appears to be too big to build
a decent theory. Three main subclasses of heavy-tailed distributions
are the so-called long-tailed distributions, subexponential distributions
and regularly varying distributions. The theory of regular variation
(which is a beautiful piece of analysis) plays a fundamental role in the
development of the theory. This chapter is heavily influenced by the
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monograph [15], and also builds on the monumental treatise [7], as well
as the queueing-oriented survey [32].

2.1. Regularly varying functions. A real-valued function L is slowly
varying if for every a > 0,

L(ax)/L(x) — 1 (21)

as r — oo. Examples of slowly varying functions are constants, loga-
rithms and iterated logarithms. The function sinx is not slowly vary-
ing. A real-valued function f is called regularly varying of index (3
if

flaz)/ f(z) — a (22)
for every a > 0. We see that regularly varying functions of index 0
are slowly varying. In fact, in general we can always write a regularly
varying function f(z) in the form z”L(z), with L a slowly varying
function. Some remarks:

e The definitions can be weakened: convergence only needs to
hold for some a in an open interval in (0,00), and the limit
function a® can in principle be replaced by a more general func-
tion g(a) (under regularity assumptions such as measurability
it can be shown that g(a) = a” is the only possible limit.

e The book "regular variation” of Bingham, Goldie, Teugels (BGT)
[7] is the main reference text. Since these notes focus on prob-
ability and not analysis, we will take some of the basic results
as given. Proofs can be found in BGT.

We now list two main fundamental properties of slowly varying func-
tions:

e Uniform convergence theorem (UCT): the convergence (21) is
always uniform on compact sets in (0, 00).

o representation theorem: L is slowly varying if and only if there
exist a constant xg, and functions ¢ and § such that ¢(z) — ¢ €
(0,00), 6(x) — 0, and

L(z) = ¢(x) exp{/w @du},x > x. (23)

It is not difficult to check the if-statement in the second result. The
“only if” statement is more involved, and relies on the UCT. It is
sometimes useful to rewrite the representation for L as

log z

L(x) = c(x) exp{ 0(y)dy}, (24)
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with 6(y) = §(e¥). From this representation, it is not difficult to see
that for every € > 0 there exist x. such that
r < L(z) <zt x> . (25)

A third main result is Karamata’s theorem. For pure power func-
tions, we have (for aw > 1) the identity

o 1
/ u %du = e (26)

a—1

Karamata’s theorem says that

/ L(u)u™%*du ~

with f(z) ~ g(z) denoting that f(z)/g(z) — 1 as x — oo.

A remarkable fact is that, if L satisfies (27), then L must be slowly
varying. Thus, slowly varying functions are precisely those functions
that can be treated as constants in the asymptotic evaluation of inte-
grals (since we can interchange L and the integral). I encourage you
to consult BGT for a proof of this deep fact. In this course, we are
mainly concerned with applications of results from regular variation to
probability theory.

1
a—1

L(z)x'™, (27)

2.2. Long-tailed random variables. From now on, unless stated
otherwise, all random variables that are introduced are defined on
the same probability space, are non-negative and independent of each
other.

Let X be a random variable with distribution function F' and tail

F =1—F. We say that X is long-tailed (and write X € L) if

P(X >x+y)
1 28
P(X >z) (28)
as r — oo for every y > 0. An equivalent way to write this is
PX>z+y|X>z)— L (29)

Thus, if a long-tailed random variable exceeds a large value z, it is
likely that it exceeds an even larger value x + vy as well. Verify yourself,
using the memoryless property, that exponential random variables are
clearly not long-tailed.

If X € L, then we can write F(z) = L(e®) for a slowly varying
function L. By the representation (24) for slowly varying functions, we

can write
T

F(x) = L(e") = c(e”) exp{ o(y)dy}, (30)

log zo
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from which it follows that
e F(z) — o0 (31)

for any € > 0. Thus, the class of long-tailed distributions is a subclass
of the heavy-tailed distributions. Still, the class of long-tailed ran-
dom variables seems too large for applications. Therefore, we assume
an additional regularity condition, leading to subexponential random
variables.

2.3. Subexponential random variables. A random variable X is
subexponential if for two independent copies X7, X5 of X,

P(X1+X2>l’)

2 32
P(X,>2) (32)

as £ — oo. We write X € §. Note that
P(max{X;, Xo} > 2) ~2P(X; > x), (33)

and that X7 + Xy > max{Xj, Xy}. Thus, X is subexponential, if the
inequality in

P(X;+ X3 > 2) > P(max{ X1, Xy} > x) (34)
can be replace by "~”, and
P(X; 4+ X5 > zymax{ X, Xo} < z) = o(P(X; > 2)). (35)

Thus, under subexponentiality, a large sum is most likely due to a large
maximum.
To understand the difference between £ and S, note that

P(X1+X2>1') /mF(JT—t)
1 ———=dF(t). 36
P(X; > ) o F(x) ®) (36)
So subexponentiality follows from long-tailedness once it is possible to
justify the interchange of limit and integration. There exist examples of
random variables that are long-tailed, but not subexponential. These
examples are, however, rather pathological.

2.3.1. Properties. We now list some properties of subexponential dis-
tributions. Let F™ be the n-fold convolution of F' with itself. The
proofs in this subsection are taken from [15], which also provides a
detailed bibliographic account.

Proposition 1. If X € S, then F™*(z)/F(z) — n. Thus,
P(Xi+ ...+ X, > ) ~ Pmax{Xy,..., X,} >2).  (37)
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Proof. We use induction in n. Write

Pl g P - @) / )
0

Fz) F(z) F(x)
(38)
Fix y, and write the last integral as I1(z) + Iz(z), with
L(z) = /0 o F;Zf__t;) Fg(;;)dF(t), (39)
ne) = [ SRS ar ), (40

Observe that
Y P (-t F(z—t Y P —t
I(z) :/ (L _ n) (‘T—)dp( £)+ / Ldﬁ‘( ).
0 F(x —t) F(x) 0 F(x)
The first term can be made arbitrarily small if y is large, by the induc-

tion hypothesis, so we have

h) = ,0)+n) [ Fear ), (41)

The lower limit of the integral (as z — o00) is at least 1 since X € L.
For the upper limit, observe that

" fla— 1) Fl)~ F™(x) [* Flz—1)
| T = / Flay F (42)

The first term converges to 1 by the definition of S. The second integral
is non-negative, so the upper limit is 1 as well. Thus, letting first
x — oo and then y — oo we see that I;(z) — n. The second integral
Iy(x) can be upper bounded by

F™(x — 1) T F(x—1t)
B < te[szlig,x] ( F(z—1t) >/x—y F(x) AF () (43)

The first factor is bounded by 1/F(y), while the second factor is bounded
by

(F(z) = F(z —y))/F(z) = F(z —y) — F(z)/F(x) —
for every y, since X € £. We conclude that F"*V*(z)/F(x ) —n+
1. U

The next proposition establishes that § is included in L.

Proposition 2. If X is subexponential, it is also long-tailed.
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Proof. Take y fixed.

Fz*(x): VF(x —t) T F(x—t)
) 1+/0 R dF(t)—i—/y R dF(t).

The first integral can be lower bounded by F(y), while the second in-
tegral can be lower bounded by (F(z —vy)/F(z))(F(z) — F(y)). Com-
bining these bounds we obtain

Ple—y) _ (F*@) IR
LD < (S - rw) (P - P

The right-hand side converges to 1 as x — oo since X is subexponential.

U

1<

The third proposition can be a useful bound in proofs.

Proposition 3. If X is subexponential, then its distribution function

F satisfies the following: for every e > 0 there exists K < co such that

for everyn > 2 and x > 0:
F(z)

<K(+e" (44)

Proof. Define a,, = sup, E-l% and write

ey =1+ su = arm.
=t [ Rar()

Fix T and observe that the right-hand side of the above display is
smaller than

T FY(x—t) T FY™(r —t)
1+ su /—dFt+su/—dFt.
xe[OI,)T} 0 F(x) Q m>I; 0 F(x) (¥

The first supremum is smaller than 1/F(T). For the second supremum,
observe that

Sup/ox mdF(t) = sup/om Ff*(x—t) F(f;_t)dF(t)

e>T F(z e>T Flz—t) F(x)
F o 2%
< a,sup (z) — F*(2)
x>T F(IL‘)

By subexponentiality, we can choose 1" so large that the last supremum
is smaller than 1 4 €. Putting everything together, we obtain

1
Opa1 S 1+ m +Oén(1+€).
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From this inequality one can verify inductively that

<(1+ L)1 (146"
Op > T | )
F(Ty) e °
which completes the proof by putting K = (1 + ﬁ) 1 O
The next property shows that the class S is closed under tail-equivalence.

Proposition 4. Let X € S and let Y be such that P(Y > z) ~
CP(X > xz) for some C > 0. Then Y € S as well.

Proof. Let G be the distribution function of Y and let Y7, Y5 be two iid
copies of Y. Note that Y € L since

G(x+y) ~CF(z+vy) ~CF(z) ~ CG(x).
Also, note that for z > 2v and v a constant,
Vi+Yo>z2} = (Vi<oVi+Yo>zlu{Yo<oYi+Y, >}
U {v<Yi<z—ov,Y1+Yo>atU{Yo>0Y] >z —0}.

The four events on the r.h.s. are disjoint. Therefore

G*(a) . [ Gla—y) G y) o Glemv)
Glo) -2 o) wcw & U am G;i;)

Number the integrals as I, 11, II]. We see that the first integral con-
verges to 2G(v) and the last integral converges to G(v). To bound
the second integral, note that for any € > 0 there exists v such that
G(z) > (c— e)F(x) and G(z —y) < (c+ €)F(x — y) for all y in the
integration range. Thus,

cte [TV F(z—vy)
I[gC_E/U FdG).

Write dG(y) = —dG(y) and apply partial integration. The integral on
the right-hand side (without the prefactor) is equal

Pa—y) o F0) o G-
F oW - pte -+ [ Spstarn

The first term converges to G(v) and the second to CF(v). In the
third term, bound G(z — t) with (¢ 4+ €)F(x — t), and conclude from
subexponentiality of X that

TV R(r —t) (92— 9F (o
/U S () — (2= 2P ().



14 BERT ZWART

Putting everything together, we see that
limsup I7 < G(v) + CF(v) 4 (C + €)(2 — 2F (v)).

This term can be made arbitrarily small by letting v become arbitrarily
large. Since also term I71 vanishes for large v, the only contribution
that remains in (45) is term I, which converges to 2 for large v. We
conclude that

2%
ligl_}Sogp GC_}'(S) < 2.

O

2.3.2. Application to random sums. Let N be a random variable in-
dependent of the i.i.d. sequence Xy, Xs,.... Define the random sum
Z = X1+ ...Xy. What can we say about the tail behavior of Z if
X, €87

Proposition 5. Under the above conditions, if N is also such that
E[(1+ ¢)N] < oo for some € > 0, then
lim P(Z > x)
z—oo P(X] > 1)
Proof. Write p, = P(N = n) and observe that

P(Z>z) ~~ F™(2)
P(X, > x) _Z " F(x)

= E[N].

To evaluate the limit as * — oo, it is tempting to interchange the

Fmnx (CC)

summation and the limit, since — n for every fixed n. By

F(z) B
Proposition 3, there exists a constant K such that ;(S) < K(1+¢)m,
and by assumption, E[(1 + €)"] < oo. This enables us to apply the
dominated convergence theorem. U

2.3.3. First example: reqularly varying tails. So far, we have made sev-
eral additional assumptions, restricting heavy tails to long tails, and
even to subexponential tails. A first piece of evidence that the class of
subexponential random variables is still big enough to include many ap-
pealing examples is provided here. Assume that P(X > z) = F(z) =
L(z)z~®, with L a slowly varying function.

We will show that X is also subexponential. Since X; + X5 >
max{ Xy, Xo}, it always holds that

lim inf PG+ X > 2)

T—00 P(X; > ) - (46)
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so to prove subexponentiality, it suffices to show that

lim s P(Xl + X5 > I’)
1111 Su
P TP, > )

Let X; and X5 be two independent copies of X and observe that for
§€(0,1/2),

{X1+Xo >z} CH{X; > (1-90)z}U{Xs > (1-0)x}U{X; > 0z, Xy > dx}.
Thus,

<2. (47)

P(X1+ Xy > 1) <2P(X > (1 —0)x) + P(X > 6x)°.
Using this bound we obtain
, P(X; 4+ X5 > 1) , P(X > (1-¥8z) .. P(X > 0x)*
1 < 1 2 1 —_
BT e S S 16 G B T g
= 2(1-90)""+0.
This holds for any § € (0,1/2). The property (47) now follows by

taking § | 0. This example is taken from [17], which contains a section
on regular variation in probability theory.

2.3.4. How to detect if a distribution is suberponential? For regularly
varying tails, we saw that it was possible to show that subexponen-
tiality holds by verifying the condition directly. In general this can be
problematic though, and it is therefore convenient to have other means.
The proposition below, due to Pitman [26] is therefore very useful.

To get into Pitman’s framework, we need to assume that X is a
continuous random variable with a density f. Recall that ¢(z) =
f(x)/F(x) is the hazard rate, and note that

Pa) =expl~ | q(u)du}.
0
So q(u) — 0is F' is long-tailed.

Proposition 6. Suppose that q(x) is eventually decreasing and that
q(z) = 0 if v — oo.

(a) X is subexponential if and only if [ ev1@) f(y)dy — 1.

(b) If €1 f(z) is integrable at oo then X is subezponential.

A proof of this proposition can be found in, for example [15]. Below,
we list some applications.

I. Weibull
Suppose F(z) = e with ¢ > 0 and 0 < 7 < 1. The density is
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7—1

f(x) = cta™te*". The hazard rate is therefore ¢(z) = cra
We now have all data to apply part (b) of the above proposition.
Note that, in our case
exq(x)f(l,) _ QC(T_I)ITCTZL'T_l.
This function is integrable since 7 < 1.

Question: what can we say about the example F(z) = e~¢l*1"?

II. ” Almost exponential”
We know that the exponential distribution is not even long-tailed, so
it cannot be subexponential. Consider the example

P(t) = et/

The density in this case is

flz) = <ﬁ - (lnlx)Q) e~/ ne

The hazard rate is therefore equal to

1 1
q(z) ZE—W~

This is clearly converging to 0 and also can be shown to be eventually
decreasing. We see that

2

exq(x)f(x) — efm/(lnx) ’

which is integrable.

ITI. Lognormal

Another example that can be verified is the lognormal distribution. In
this case, F(r) = ®(exp{z}). Unfortunately, ® is not very explicit,
but one can show that ®(z) ~ ¢(z)/z, with ¢(z) = e **/2//2x. One
can combine this with Proposition 4 to show that the lognormal is
subexponential. This will be left as an exercise.

2.3.5. Integrated tails. Suppose that X > 0 has finite mean pu. We
can define a random variable X" which has density P(X > x)/u. The
distribution tail is given by

Fr(z) = %/w P(X > u)du,

and it called the integrated tail.
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What can we say about X" is X is long-tailed, subexponential or
regularly varying?

It turns out that X" is long-tailed if X is long-tailed, in which case
Fr(x)/F(z) — co. By using Karamata’s theorem, one can show that
X" is regularly varying with index 1 — « if X is regularly varying with
index —a (a > 1).

Does the same property holds for S7 The answer is no, but it took
until 2004 until a counterexample has been published by Denisov, Foss
and Korshunov [14].

Claudia Kliippelberg [23] proposed the subclass §* of S, defined as
follows: X € §* if p = E[X] < oo and

" F(x—y)F(y)

lim —— = = 2.
=00 Jo F(x)

The following results are stated without proof, for a proof, see [23].
Proposition 7. If X € §*, then X € S and X" € §

Proposition 8. Let X have a hazard rate q(u) which eventually de-
creasing to 0. Then X € S if and only if

€T
lim V1 F (y)dy = 2.
Ir—00 0
There exist much more properties and examples of subexponential
distributions, for which we refer to [15] and references therein. We now
move on to some concrete applications.

3. RANDOM WALKS

Let S,,n > 0 be the standard random walk with increments X,,.
Let X, be regularly varying with index —a, o > 1. We know that, if
x — oo and n fixed, then P(S, > x)/nP(X; > z) — 1. The question
is whether n can be allowed to be varied with x. In particular, what
can we say about the behavior of P(S, > an) as n — oo with a > pu?

Heuristics
It is reasonable to expect that one of the n X;’s is large, while the other
ones have a normal value. By symmetry, we get
P(S, >an) ~nP(X; >, Xo+ ...+ X, = (n—1)p)
~nP(X; > cn)

where ¢ should be such that en +nu = an, so ¢ = p — a. That this
intuition is correct will be proven, following the proof in [29].



18 BERT ZWART

Theorem 1. Suppose P(X; > z) = L(x)x™®, a > 1. Fore > 0, as
n — oo,

P(S, > (n+€)n) ~nP(X; > en). (48)

Proof. The proof consist of the construction of an asymptotic lower
bound and an asymptotic upper bound, which coincide. We start with
the lower bound. Let 6 > e¢. Observe that

P(S, > (p+emn) > PUL{X; >0n, Y X;>n(ute—0)}) (49)
=14
Define B; = {X; > on,> 7, ;,; X; > n(u+¢e—95)}. Observe that
P(B;) = P(B;). From (49) we obtain that
P(S,> (n+en) > PULB)
> Y P(B)—-2) P(BiNB
i=1 i<j

Since
P(BiNBy) < P(X, >enN Xy >en) = P(X; > en)?,

we see that, by decomposing P(By),

P(S, > (p+e€)n) > nP(X; > (5n)P(Z X; > n(pte—8))—n(n—1)P(X; > en)*.
j=2
(50)
By applying the weak law of large numbers, we see that

P(En:Xj >n(p+e—10)) — 1,

=2
since § > €. In addition, it can be shown that n(n — 1)P(X; > en)?
is regularly varying with index 2 — 2«, while nP(X; > dn) is regularly
varying with index 1 — . Since o > 1 it follows that n(n — 1)P(X; >

en)? = o(nP (X, > dn)). Putting everything together we see from (50)
that

P(S, > (u+¢e)n) >nP(X; > on)(1 —o(l)) —o(nP(X; > dn)).

Therefore

P(S, > (u+e)n) S (e)a‘
—\4

lim inf
e P(X; > en)
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This holds for every 6 > €. By letting 0 | €, we conclude that

.. PS> (n+e)n)
1 f >1
e P(X;>en) — 7

concluding the proof of the lower bound.

The proof of the upper bound is more involved. Define A,, = {S,, >
(u+€e)n} and let 7 € (0,¢). Write

P(A,) = P(A,;; max X; > 7n)+ P(A4,; max X; <7n)
i=1 i=1

=1,..., n i=1,..., n

= P(Al,n) —|—P(A27n)
Suppose we can prove that

P, > en) (51)

for a suitable choice of 7 € (0,€¢). We will prove this separately in a
lemma below. Then we can focus on P(A;,). Take 6 € (7,¢) and
observe that, since 7 < 4,

P(Ai,) < PUL{X; > 6n}) + P(UL{X; >, Y X;>n(u+e—0)})
j=Li#i
< nP(X1>6n) +nP(Xy > )P _X; > n(u+e—0)).
j=2

By the weak law of large numbers, we see that P(3 7, X; > n(pu+e—
d)) — 0, so that

. P(Aln) €\ ¢
- 7 < | = .

Now take § T € and use (51) to conclude that

lim sup P4n)

nooo NP(X7 >dn) — (53)

O

Thus, our theorem is proven once we have shown the validity of (51).
For this, we need the following Theorem, which comes from Prohorov

27].

Theorem 2. Let Y;,i > 1 be an i.i.d. sequence such that E[Y;] = 0
and P(Y; < ¢) =1 for some ¢ € (0,00). For anyt > 0 and any n >
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the following inequality holds:

¢ cA
PYi+...+Y, > 1) < exp{—-log <nVa—T(Y1)>}

We are going to apply this result to prove (51). Although the original
random variables X; are unbounded, they are bounded from above by
T2 in the event As,, so we can apply Prohorov’s result with ¢ = 7.

of (51). We first rewrite/bound P(As,) into a conditional probability.
Let X;,i > 1 be an i.i.d. sequence such that P(X; < y) = P(X; <
y | X; < 7tn). Observe that u* = E[X]] < p. Write

P(As,) = P(S, > (ute)n | Xy <7n,..., X, <mn)/P(X; <7tn,...., X, <n).

Observe that P(X; < 7n,..., X, <7n) — 1 as n — oco. So, to prove
(51), it suffices to show that

P(S,>(u+en| X, <mn,....,X,, <) =0(nP(X, >en)). (54)
The probability on the left hand side is equal to
PX{+...+X:>(p+en) <PUX] —p")+...+ (X — ) > en).
Apply now the theorem of Prohorov with Y; = X — u*. Note that
Y, <mm=:¢

To determine an upper bound for Var(Y;) we proceed as follows:

since there exists a 3 € (1,a) such that pus = E[X}] < co we have
P(X; > u) < pgu=. Now, observe that

Var(Y:) = Var(Xy)
< E((X7)%)
1

— | ouP(u< X, <)
P(X1<Tn)/0 uPu < Xy < 7n)du

2”5 /Tn iy
< —Hs d
= PX,<m) fy

_ 2”5 (Tn)ziﬁ
(2 — B)P(X; < n) '

Given 7 there is n, such that P(X; < mn) > 1/2 if n > n,, so that

Apugr>h
Var(¥1) < <gﬁ— gy = O
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Putting everything together, we can apply Prohorov’s theorem with
t = en and the other constants specified above. This yields

. . ne €TTL2
PX{+...+X:>(p+en) < eXP{—ZTn log <an n2_5>

o\ —(-De/en)
= n C.,.ﬁ .

Since this holds for any 7 > 0, we can take 7 so small that (5 —
1)e/(27) > o — 1, which implies (54). As explained before, this implies
(51).

4

A natural question is whether the proof, or at least the statement
of the theorem carries over to subexponential tails. One key property
that is used in the proof is

lim i P(X, > ex)
m 1M ————
§—e x—00 P(X1 > (5&3)

This is true for regularly varying tails, but not for Weibull tails of the
form exp{—="}, in which case the above ratio equals:

P(Xl > 6.7,')

This either converges to 0 or to 0o is § # €. So to extend the theorem to
Weibull distributions, it is at least necessary to use different methods.
To see that the statement P(S,, > (u+¢)n) ~ nP(X; > en) may not

even be true, consider the following argument. Assume that F[X?] <
0o. From the symmetry, we have the following lower bound:

P(S, > (n+e)n) >nP(X; >en—n)P(Xo + ...+ X, > un + /n).
(56)
Using the central limit theorem, we have that P(Xs + ... + X, >
un + /n) — K for some K > 0. Thus, if
P(Xl >en—\/ﬁ) o,
P(X; > en)

~1. (55)

= exp{—a"(e" — ") }.

(57)

then also
P(S, > (u+e)n)

nP(X; > en)
For the Weibull case, it can be shown that (57) holds if n > 1/2. On

the other hand, if n < 1/2, then the tail of X is square-root insensitive,
i.e.

(58)

P(X1 >z ++x) ~ P(X; > ) (59)
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and it can be shown that P(S, > (¢ + €)n) ~ nP(X; > en) indeed
holds in this case. A recent study of these type of problems is a paper
by Denisov, Dieker and Shneer (2007) [13]

3.1. The all-time maximum of a random walk. In the example
above, we saw that, at least for regularly varying random variables,
rare event probabilities for random walks tend to happen by a single
big jump of one of the increments of the random walk. As discussed
in Chapter 1, the all-time maximum of a random walk plays a crucial
role in several applications, particularly in queueing and insurance.

We consider the same setting as above and set a = —FE[X;]. Assume
that a > 0. Define
M, = sup S, M = M,
0<k<n

[e.9]

Fé(x) = max{l,/ F(t)dt}.

T

The main question is, what can be said about the behavior of P(M > x)
as ¢ — oo. Many researchers have investigated this problem. Key
references are Borovkov (1971) [?], Cohen (1973) [10], Pakes (1975)
[11], Veraverbeke (1977) [33], Embrechts & Veraverbeke (1982), [16],
Korshunov (1997) [?], Baccelli & Foss (2002) [?] and Zachary (2004)
[34]; this list is not exhaustive. The formulation and proof in these
notes follow [34]. The proof techniques in the earlier papers are based
on Wiener-Hopf factorization techniques.
Let X* be a random variable such that P(X® > x) = F*(z).

Theorem 3. (i) If X* € L, then

. P(M>az) _ 1
1 f—————>-. 60
oo Fs(z) ~a (60)
(1) If X® € S, then
i LM >2) 1 (61)
z—oo  F'5(x) a

We see that the statement applies much more generally than be-
fore. In fact, Korshunov (1997) has shown that, if (61) holds, then X*
is subexponential. We will not treat his proof, but instead focus on
proving the above theorem. Before that, we first give some heuristics.

One way to obtain the event M > x is that at some time n, the
random walk S,, has the typical value —an, and X, is so large that
Sp+1 > x. For this to happen, we need X,, > an + x. This can happen
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at any time n, and since the random walk needs to be behaving properly
until time n, these events (indexed by n) are mutually exclusive.

P(M >z) ~ PU2 {S,~ —an; X, 41 > an+ z})

Z P(X,41 > an+x)

n=0

= ZF(an—l—x)
~ 1/OOF(u)du

a

Q

(To show the last equivalence will be an exercise).
We now show that these heuristics provide the correct answer.

Proof. Let €,0 > 0. By the weak law of large numbers, there exists a
constant L = L. s such that P(S, > —L —n(a+¢)) >1—06.

PM>zx) = ZP(Mn <z, Sp41 > )

n=0

v

ZP(Mn <z5,>—-L—-—n(a+¢€),Xp1 >+ L+n(a+e))
n=0

= ZP(Mn <z,8,>—-L—-—n(a+¢€)P(Xpy1 >x+ L+n(a+e))
n=0

Z(l —0—P(M, >z)P(Xp41 >+ L+n(a+e))

n=0

v

> (1—6—P(M > z)) Z (z + L+ n(a+e))
=0

F S(x+ L)
a—+e€
with the last inequality following from the inequality

> (1-6—P(M >x))

Y

cy F(y+mnc) > / F(u)du
n=0 z
Thus,
lim inf P(]_W > z) > L _5limian Ex%—L) = L _5,
T—00 Fs(x> a+ € xz—oo FS(IL') a-+e€
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where we used the assumption that X® € L. Since this holds for any
J,e > 0 we arrive at part (i).

The proof of part (ii) of the theorem is more involved, and requires
the introduction of several definitions. For given constants € > 0 and
R < 0o, we define the sequence of random times 7,,n > 1 as follows.

7 = minfn>1:5,>R—n(a—¢},
Tm = Tme1+min{n>1:5. ., =S,  >R—n(a—e¢)}.

Observe that 7, may be oo, and observe that ((7,,, — 71, (S5, —
Sr._1)),n > 11is a sequence of ii.d. random vectors. Define v =
v(e, R) = P(11 < 00). Observe that v — 0 as R — oo for every € > 0
(this will be another exercise). For convenience, set Sy, = —00.

A key step in the proof of the upper bound is to develop an upper
bound for P(S; > z). Write

P(S, >z) = > P(n=n,8,>uz)
n=1

< > P(Su<R—(n—1)(a—¢),S, > 1)
n=1
< ZP(Xn >x— R+ (n—1)(a—e¢))
n=1
1 -
< Fé(x — R—a+e).
a—e
The last inequality follows from the fact that fyoo F(u)du > >0 Fy+

ne).
Define a sequence of i.i.d. random variables ¢,,, m > 1 as follows:

P(¢y, > x) = P(S Sy > x| Ty < 00)

Observe that, since S, = —o0,
P(pr >x) = P(S, >x)/y
1 _
< ——FF¥rx—-—R—a+c¢
Y(a =€) ( )
= G(x).

Since G(z) ~ 7(;_6) F3(x), G(x) is the tail of a subexponential random

variable with distribution function G(z) =1 — G(x).
We are now ready to complete the proof. Observe that for x larger
than R, the event M > x can only be realized at the random times 7,,.
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Thus, if R > a —,

P(M >z) < ZP(M>£E;STm>.CE—R+a—€)
m=1

IN

> P(S.,,>z—R+a—¢)
m=1

— ZymP(¢1+...+¢m>m—R+a—e).

m=1

The last inequality follows by conditioning and noting that P(7, <
o0) = ™. Since P(¢,, > x) < G(z), we obtain that

P(M >zx) < Y'G*m(z — R+ a —€). (62)

m=1

Observe that G*m(x — R+a —¢€) ~ mG(x — R+a —¢) as © — 00.
Using Proposition 3, we can interchange the sum and the limit z — oo
to conclude that

vaé*m(:v—RjLa—e)w vamé(z—R+a—e). (63)
m=1 m=1
Since Y >°_ my™ = /(1 —v)?, and since G(x — R+ a —€) ~ G(z),
we conclude that
lim sup M < | limsup M lim sup g(x)
¥ 1 1

(I=72va—e (a—e)(1—7)?*
The desired limsup result now follows by first taking R — oo (so that
v 1 0) and then € | 0. d

3.2. Comparison with light tailed random walks. The rare events
we investigated so far concern random walks, and reveal that, in the
heavy-tailed case, a rare event is due to a single big realization of one
increment. In order words: in heavy-tailed random walks, rare events
often occur by a single big jump.

To put this into perspective, it is important to gain some understand-
ing about rare events for random walks with light-tailed increments. In
this section, we analyze the behavior of P(S, > an) as n — oo and
P(M > z) as * — oo under the assumption that E[e’X] < oo for a

0 >0, with X £ X.
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Define the so-called cumulant generating function of a random vari-
able X A(0) = log E[e’X]. A useful property is that A(6) is convex on
the interior of its effective domain (consisting of all values 6 for which
A(f) < oo. To see this, take ; < 0 and a € (0,1). Observe that, by
Holders inequality,

E[e(a91+(1—a)92)X] — E[eaelXG(l—a)GQX]

< E[eelx]aE[e%x](ka)'

Taking logarithms on both sides, we obtain
A(Oé91 -+ (1 — 06)92) S a/\(91) -+ (1 — OC)A(QQ)

This implies convexity of A. If X is not deterministic, Holders inequal-
ity is strict, in which case A is strictly convex.

We are now ready to investigate the rare event problems mentioned
above. We will focus on so-called logarithmic asymptotics, i.e., we will
analyse the asymptotic behavior of log P(S,, > an) and log P(M > x).
The presentation is almost identical to the one in [18].

3.2.1. Cramérs theorem. Given a random variable X and its cumulant
generating function A, we define the convex conjugate A*(a) of A(f) as

A (a) = ig%)[aQ — A(6)].

In the first lecture we saw that, for a > p = E[X}],

P(S, > an) < e ™M@, (64)
We will now show that this bound is asymptotically sharp.
Theorem 4. Let a > p.

nh_)nolo % log P(S,, > an) = —A*(a). (65)

We will prove this theorem under the additional condition that P(X >
a) > 0, which guarantees that A*(a) < oo (verify this yourself). This
implies that X is not deterministic, since a > u. Thus, A(6) is strictly
convex, implying that fa — A(0) is strictly concave. Thus, the supre-
mum in A*(a) is attainted by a unique 6* > 0. Strict positivity follows
since the derivative of a — A(f) at 0 equals a — > 0.

A second assumption we make is that Elexp® +9X] < oo for some
e> 0.

For a proof without all these regularity assumptions, we refer to
Dembo & Zeitouni (1998).
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Proof. Since, by (64), log P(S,, > an) < —A*(a)n, it suffices to show
that

lim inf 1 log P(S,, > an) > —A*(a). (66)

n—oo M

For this, we will develop a lower bound of P(S,, > an). Define the
subset A,, of R" by

A, ={(z1,...,2,) s 21+ ...+, > an}.

Observe that

P(S, > an) = / dF(21)...dF (),

n

with F(z) = P(X < z). Given 0", we define the so-called tilted distri-
bution F' of F as follows:

dF (z) = dF (z).

E[GG*X]

Let X},j > 1 be an i.i.d. sequence with distribution function F and
define S, = X; +...X,,. We see that

P(S, >an) = /AdF(:Bl)...dF(xn)

= / e"A(e*)6_0*(m1+‘“+m")dﬁ’(x1) o dF(xy)
An

= / Iz + ...+ 2, > an)e™ e 0 @tete) g gy

= Ele 5O 1(S, > an)).

Observe that E[e?X] = E[et0X]/Ele”X]. We sce that, due to the
assumption we made, F[e“] < 0o, so that all moments of X are finite.

Moreover, due to the definition of #*, it can be shown that E[X] = a.
Thus, the tilted distribution F' is designed in such a way that the mean
has increased from p to a, which makes the event of interest more likely.

In particular, we see that
Plan < S, < an++/n) — P(0<U < 1) > 0, (67)

with U a normal random variable with zero mean and the same variance
as X.

dF (x,)
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We are now ready to derive a lower bound and the corresponding
liminf result.

P(Sy>an) = Ele "5\, > an)]
E[e—e Sn+nA( )[(an < Sn < an + \/ﬁ)]
679*(an+\/ﬁ)+n/&(9*)p(an < Sn < an + \/ﬁ)

AVARLY,

Property (66) easily follows by combining this lower bound with (67).
U

From the proof of the lower bound, it is apparent that a typical way
in which the event {S,, > an} occurs is by conspirary: all n random
variables are sampled from the distribution F instead of F.

One can show that, if F' is exponentially distributed with rate A,
then F is exponentially distributed with rate 1 /a.

3.2.2. The Cramer-Lundberg estimate. We now turn our attention to
P(M > x) = P(sup,, S, > z), with u < 0.

The following seemingly crude bounds will be instrumental in our
approach:

sup P(S,, > z) < P(sup S,, > x) SZ (S, > ). (68)
n n n=0

It turns out that these bounds are sharp enough to obtain the logarith-
mic asymptotics of P(M > x) (for precise asymptotics, different ideas
are required).

Assume for convenience that E[e?X] < oo for all § < co. Define 6*
as the strictly positive solution of E[e?X] = 1.

Theorem 5. Under the above assumption, as x — 00,

1
lim —log P(M > z) = —6". (69)

r—00 I
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Proof. We start with an upper bound. Observe that, for any 6 € (0, 6*),
we have E[e?X] < 1, so that

P(M>z) < > P(S,>x)
n=0
= Z P(e? > )
n=0

Z efea;E[eesn]
n=0

IN

—0x 1
1= E[%]

This holds for any 6 < 0%, (E[e%¥] is strictly increasing in a neighbor-
hood of 6*) so that

=€ < 0.

1
limsup — log P(M > z) < —0".
Tr—0o0 x
For the lower bound, we can use P(S, > x) with n chosen cleverly
(here our path departs from that in [18]). It turns out that n = [bx]
with b = 1/A'(6") is useful. Intuitively, this makes sense, since under
the exponential tilting with this particular 8*, we have E[X;] = A’'(0*):
under this new probability distribution, the random walk S,, reaches
level = at time z/A'(0%).
We see that
1 1
liminf —log P(M > x) > liminf — log P(Spe) > 7).

r—0o0 U r—o0 U

The latter liminf can be analyzed by transforming it in a problem of
the type we have seen before. Define n = [bx] and observe that

P(S(bﬂ > x) > P(S, >n/b).
From Cramers theorem, we conclude that
1 1
lim inf - log P(Sfpe1 > ) > bliminfn — oo log P(S,, > n/b)
= bsupld/b— A(0)]
>0
= suplf — A(0)/A'(67)].
>0

It can be shown that the optimal value of this optimization problem is
0*. Since A(0*) = 0, the corresponding value is 6*. This implies that
the asymptotic lower and upper bounds are equal, as required. U
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4. SAMPLING AT A SUBEXPONENTIAL TIME

4.1. Background: GI/GI/1 performance measures. In the pre-
vious section we derived the tail asymptotics of the supremum of a
random walk.

We can specialize this result to the single server queue with renewal
arrivals and i.i.d. service times as follows. Let A be a generic interarrival
time and let B be a generic service time. Let the arrival rate A =
1/E[B], and let B¢ be a residual service time. Let W be the steady-
state waiting time of a customer, and let () be the number of waiting
customers on an arrival epoch. Assume the service discipline is FIFO.

It is well known that W < M , with M the supremum of a random
walk with increments distributed as X = B — A. Let the traffic load
p = AE[B]. For stability, it is required that p < 1 and this is always
assumed.

Theorem 6. If B" is subexponential, then

P(W > z) ~ %P(B’“ > 1)

This follows from the fact that the tail of B" is equivalent (up to a
constant) of [>° P(X > u)du, and from Theorem 3.

Another performance measure is the sojourn time, which is the total
time a customer spends in the system. This equals W + B, with W
and B independent.

If B" is subexponential, it can be shown that the tail of B is lighter
than the tail of B” (verify this yourself). Since W is subexponential,
and B has a lighter tail than W (P(B > x) = o(P(W > z)), it follows
that

PW +B>zx)~P(W > z).

We now turn to the queue length Q. Let SA = A; + ...+ A, be
the sum of the first n interarrival times and let N(t) = max{n : S4 <
t},t > 0 be the associated renewal process. A well known property
linking W and @ is distributional Little’s law. Take W such that it is
independent of N(-). Then Q < N(W).

We are interested in this identity since it is helpful to establish to
obtain the tail asymptotics of (). Since N(t)/t — A it is natural to
expect that the tail behavior of () is similar to the tail behavior of
AW. We will develop several conditions to verify this conjecture. This
problem, and its motivation, has been considered first in [6].

4.2. General setup and a necessary condition. The central fo-
cus of attention in this chapter is the following: consider a stochastic
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process X () and an independent random variable 7', which is heavy
tailed. Assume that X(t)/t — u for some p € (0,00). We are inter-
ested whether

P(X(T)>z) ~ P(uT > ),z — 0. (70)

To see what types of conditions we can expect, consider the case
where X (t) = ut + B(t), with B(:) a standard Brownian motion. In
this case,

P(X(T) > z) = P(uT +VTU > x),

with U a standard-normal random variable. By solving a quadratic
equation with v/T as unknown, it can be shown that

P(X(T) > z) = P(T > L 2\/g+ Op(1)),

with Op(1) a constant that is an a.s. bounded function of U. From
this expression it can be shown that the condition

P(T > x) ~ P(T >z — ),

known as square root insensitivity, is necessary for (70) to hold. The
error /= comes from the central limit theorem. If X (t) = ut + Y (¢),
and —M < Y (t) < M, then the bounds

P(uT >x+ M) < P(X(T)>z) < P(uT >z — M)
show that it is sufficient to have that 7" is long-tailed for (70) to hold.
4.3. Sufficient conditions under regular variation. If the tail of
T is regularly varying, it is also square root insensitive, so one may
expect that (70) holds for a wide class of processes X (¢),t > 0.

For convenience, we assume that X(-) has increasing sample paths;
so we can define its inverse R(-). Note that

P(X(T) > z) = P(T > R(x)).
We introduce the following three conditions.
R(z)/x — ~ in probability. (71)

This is a weak law of large numbers, which is not a stringent condition,
and holds if a similar condition holds for X (-) with p = 1/7. The next
condition is that the tail of T is regularly varying:

P(T>z)=Lx)x*a>0 (72)
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(if one wishes, one could extend this to intermediate regular variation).
The third condition is a more technical one, ruling out unusual behavior
of the process R(-). Assume that there exist an € > 0 such that

P(R(z) < ex) = o(P(T > x)). (73)
Theorem 7. If (71) and (72) hold, then
lim inf PX(T) > ) (74)

z—oo  P(T > vx)
If in addition (73) holds, then
. P(X(T) > x)
lim —————= = 75
P P(T > ~z) (75)

This theorem has first been stated in [19]. The proof is taken from
8.

Proof. We first prove the first part of the statement. Let 6 > 0 and
note that

P(T"> R(x)) P(T > R(z); R(z) < (v + 0)x)
P(T > (v+d§)z)P(R(x) < (v 4+ d)z).
Applying the first two conditions, we obtain

.. P(X(T)>x) v \“
> .
h}gg}lf P(T >~x) — \v+9

>
>

(76)

To prove the limsup, take 6 > 0 and write

P(T > R(x)) = P(T >R(x);T>(y—=0)z)+P(T>R(x);ex <T < (y—9)z)
+P(T > R(x);T <ex)=1+II+1I1I.

Note that
I < P(T>(y—9d)ux),
II < P(T>ex)P(T < (y—9)x),
I1I < P(R(z) < ex).

From these bounds, we conclude that 11 = o(P(T > ~x)) and also (by
assumption) I/1 = o(P(T > ~z)). Thus

P(T “

lim sup (T' > R()) < 7 .
2o P(T > ~yx) y—06

Take 6 | 0 to reach the desired conclusion. U
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4.4. Some applications. Condition (73) is equivalent to the condi-
tion that there exists a constant M < oo such that

P(X(t) > Mz) = o(P(T > z)) (77)

We now consider some applications to which the above theorem applies.

(1) GI/G1/1 FCFES Queue length: In this case, R(x) = S|5). Set
n = |x] and observe that

P(S, < ex) = P(—S, > —ex). (78)

Since —S7 has a light right tail, we can apply Chernoff bound to
conclude that this probability is decreasing exponentially fast
in X. Hence, for the GI/GI/1 queue length, assume that B is
regularly varying. In this case W is regularly varying as well,
and we conclude

mQ>quPQV>xMyNT§;mB%>m». (79)

(2) Random sums. Consider again the random variable Z = Zfil Yi,
with Y;,7 > 1 an i.i.d. sequence, and suppose now that the tail
of N is regularly varying with index —a. If (77) holds, we
conclude that

P(Z > z) ~ P(N > zE[Yi)).

If Y is regularly varying with index — (3, then (77) if 8 > a+1, as
can be shown by applying Theorem 1. If the Y are light-tailed,
one can easily apply Chernoff’s bound to verify condition (77).

(3) Processor Sharing queues. Consider a single server queue with
Poisson arrivals, i.i.d. service times, operating under the proces-
sor sharing (PS) discipline, where each customer in the system
is served at the same rate (the reciprocal of the total number of
customers in the system). For PS, R(z) can be defined as the
total amount of service a customer receives between time 0 and
x. If B is the service time of a customer, and V' is the sojourn
time of a customer, it follows that

P(V > z) = P(B > R(x)).

It can be shown that R(z)/z — 1 — p a.s. so (71) is satisfied.
To verify condition (73) is rather technical, and involves several
estimates for truncated heavy-tailed random variables. Details
can be found in the paper [19]. For PS with a finite waiting
room of size K, one always has R(z) > x/K, so (73) is easily
satisfied in this case.
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4.5. Results under square root insensitivity. If the tail of T is
not regularly varying, it is still possible to obtain asymptotic results.
In this section, we give a taste of these results. For full proofs, we refer
to the paper [22]. An earlier paper on this subject was [6].

We list a number of properties (without stating proofs). We always
assume 1" > 0.

(1) If T is square root insensitive, then P(T > x+cy/z) ~ P(T > )
for any constant c.

(2) If T is square root insensitive and U is standard normal, then
P(T >z +Ux)~ P(T > x).

(3) T is square root insensitive if and only if v/7T is long-tailed (a
property due to S. Foss).

(4) If T is square root insensitive, then e*V* P(T' > x) — oo for any
e > 0.

There are several conditions one could invoke on the process X(-)
to obtain sufficient conditions for (70). A condition from [6] involves
large deviations principles and additional second order conditions on
the tail of T" which come from extreme value theory. If one restricts
to either Gaussian or Regenerative processes, then such conditions are
not necessary. For example, assume that the increments of X ((-) are
regenerative with U,,n > 0 regeneration times, Uy = 0. This means
that (X(U, +t) — X(U,),t > 0) is independent of the collection of
random variables (X (s),s < Uy,).

It is not necessary to assume that the process X (-) is increasing. Set
My = supgesp, X (2)-

Theorem 8. If E[U?] < oo, if E[e¥™] < oo, and if T is square root
insensitive, then (70) holds with p = E[X(T1)]/E[T1], i.e.
P(X(T) > z) ~ P(uT > z).

This theorem is based on the following bound. Let p be defined as
above.

Theorem 9. Under the above conditions, there exist strictly positive
and finite constant ¢, C' such that

P( sup [X(t) — pt] > u) <C <€_C§ +e 4 xe‘cﬁ> .

o<t<zx

A proof of both results is given in [22].

5. REGENERATIVE PROCESSES AND FLUID MODELS

Consider a server which is able to process work at rate c. Excess work
is stored in an infinite-sized buffer. Let A(s,t) be the amount of traffic
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offered to the buffer in time [s, t]. Set A(t) = A(0,t). Assume that the
increments of A(-) are stationary, and let p = E[A(0,1)]. If p < ¢, the
system is stable, and one can show that the stationary amount of work
in the system V, has the property V. = sup,.[A(—t,0) — ct].

A can be generated by several so-called on-off sources transmitting
fluid, but it can also be a Gaussian process. The point is that the
A process need not to have jumps, but can have gradual input. This
queueing system is often denoted as a fluid queue.

Typically, we consider a process S(t),t > 0 with stationary incre-
ments, and are interested in sup,.,S(¢). This leads to V. if we take
S(t) = A(—t,0) — ct.

We will be interested in deriving tail asymptotics for V. in case that
the input process S(-) exhibits subexponential characteristics. We first
develop a framework for regenerative processes, leading to the concept
of a perturbed random walk. We then investigate a single on-off source,
and after that move on to multiple on-off sources.

5.1. Regenerative processes and perturbed random walks. As-
sume that S(t),t > 0, is right continuous with left limits drifting to
—oo such that S(0) = 0. Suppose that there exists a renewal process
with renewal epochs 0 < 7Ty < T < ... such that

(S(t))o<t<tp (S(To +t) — S(Tb))o<t<ri 10

are independent, and the distribution of (S(T}, +1t) — S(1%))o<t<Ty, 1 -Tx
is identical for all £ > 0. We call T},,n > 0, the regeneration or renewal
epochs for S(t),t > 0. If Ty = 0, we say that (S(t)) is zero-delayed.
Define
M = sup S(t), M,1 = sup S(t)—S(T,), forn >0,
t>0 Tn<t<Thn+1

and denote X,,y1 = S(Th41) — S(T}), S, = S(T,),n > 0. This is
strongly related to the setting considered in Asmussen et al. (1999)
[3] and many other papers. Typically, the distribution of M is too
complicated to compute exactly. Therefore, one is often concerned
with the tail behavior of M, i.e. the behavior of P(M > x) as x grows
large.

We focus on the zero-delayed case. Under this assumption, we have
the identity

M = sup[Sy—1 + M,]. (80)

n>1
The sequence M,,n > 1, is i.i.d. but depends on the random walk
Sn,n > 1, since M,, and X,, are dependent. Note that the sequence of
pairs (M, X,),n > 1, is i.i.d. Thus, the regenerative setting can be
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viewed a special case of the more general framework of the perturbed
random walk, which is considered in a recent paper by Araman & Glynn
(2006) [2]. The authors investigate the tail behavior of M in a variety
of cases.

In this section, we focus on the general perturbed random walk case
(so we do not necessarily assume that the pair (Mj, X;) come from
the regenerative process). We are interesting in the case that M] =
max{Mj, X1} is heavy-tailed. Since M is stochastically larger than
M7, M will be heavy-tailed as well in this case. If we take M; = 0, we
get back at the random walk case, so the theorem we aim to derive will
be an extension of Theorem 3. We assume that the joint distribution of
(X4, M) satisfies E[X;] € (—00,0), E[M;] < 0o, and P(M; = —c0) =
0. The next theorem appeared in [25].

Theorem 10. Suppose that E[M;] < co and that min{1, [~ P(M; >
w)du} is subexponential. Then

P(M > x) ~ é/oo P(M; > u)du, (81)

as x — oo, with a = —FE[X7].

Proof. The proof consists in deriving lower and upper bounds, which
asymptotically coincide.

We start with the lower bound. The idea of the lower bound is to
identify a way in which the event M > x occurs. Informally speaking,
we choose an event on which S,,_1 — M,,,n > 1, behaves in a typical
way up to some time k for which M} ; = max{M;, X;41} is large.
By also including the event that My o is not too small, we ensure that
M > z.

Let 0 < 0 < a be given and define for n > 1, the event E,, = E,,(9, K)
as

E,={S, € (-k(a+96)— K,—k(a—96)+ K),k <n}.
In addition, consider the event F,, = F,(d, K) which is defined by
F, ={My < dk+ K,k <n}.

Also define G(v) = P(M,, < z) = P(M; < z) and let K be such that
G(K)=1-G(K) < 1/2. Since log(1 —z) > =2z if z € (0,1/2), w
see that

log P(F, Zlog (1-G(0k+K)) i G(ok+K) = —2E[|(M,—K)* /8 ]],

= k=1

with y* = max{y, 0}. Since E[M;] < oo, the last expression converges
to 0 if K — oo for any 0 > 0. Combining this fact with the weak law
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of large numbers for S,,,n > 1, we arrive at the following conclusion:
for every € > 0 there exists a K such that P(E, N F,) > 1 —e.
For n > 1, we define the event

Gy = Fop1 NEss N{M?,, > 24+ n(6+0)+2K} N {M,sn > — K} (82)

Observe that the events G,,,n > 1, are disjoint and that G,, implies
M > x for every n > 1. Consequently,

P(M>a) > PUZGr) =3 P(Go)

> (1—¢)) P(M;, >z+n(d+a) +2K)P(M, 1, > —K)
n=1
1—ce¢ °
~ P(M;, > —K P(M; > u)d
PR > ) [ PO >
1—c¢

P(M, > -K P(M;
ra (M > )/m (M7 > u)du,

where in the last two steps, we have used the fact that the integrated
tail of My is long-tailed. This implies
P(M > 11—
lim inf ( ?) > ¢

— P(M, > —-K).
T—00 fx PM{ >u)du — d+a (M )

The proof of the lower bound follows by letting K’ — oo and 4, ¢ | 0.

To obtain an asymptotic upper bound, let y > 0 be given and
construct the random walk SY n > 0: set S§ = 0. For k > 1,
set X} = Xy if My < y and X} = M; if M} > y. Set finally
SY = X!+ ...+ XY n > 1. Informally, the increments of the ran-
dom walk S¥,n > 0, are the same as those of S,,,n > 0, except when a
large value of the perturbation M occurs.

Obviously, we have that S,, < S¥ for any y > 0 and n > 1. Moreover,
we have the following crucial bound:

sup[Syp_1 + M,,] < sup SY +y. (83)
n>1 n>0
For x > y, we have P(X} > ) = P(M; > z), which implies that the
integrated tail of X} is subexponential. Thus, we can apply Theorem
3, yielding

1 )
fKSHpS% >lﬂ)“JijﬁXﬁqt/m }KA4TZ>U)dU. (84)
1 T

n>1
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Putting everything together, we conclude that

lim sup P(M > z) < lim sup P(sup,», 57, > = —y) < 1

By dominated convergence, we have that —F[X]{] — a asy — oco. O

5.2. Application to a fluid model. To illustrate the general the-
ory developed in the previous section, we now investigate a simple
example. Let J(t),t > 0, be an alternating renewal (0-1) process
with generic on-period T,, and generic off-period Tis¢, ie. Tp, is
the period where J(s) = 1 and T,z is the period where J(s) = 0.
Let Y(t) = rf(f J(s)ds,t > 0, be the associated integrated on-off
process. The constant r > 0 is called the on rate. Assume that
J(t) is such that an on-period starts at time 0. Let the sequence
(Ton,is Torfi),t > 1 representing on-times and off-times be i.i.d. with

(Tona,Tofsa) < (Ton, Torr). We assume T, and T,¢; to be indepen-
dent and assume that 15, + 75, has finite mean. Assume further that
E[J(t)] — p € (0,c) for some constant ¢ > 0 which is called the drain
rate. Under these conditions, the process S(t) = Y (t) — ct,t > 0, is
converging a.s. to —oco. The renewal epochs for the process S(t),¢ > 0,
are given by T; = >, (Tonk + Torrx), ¢ > 0. In this setting, the distri-
bution of M can be viewed as the distribution of the amount of fluid in
a buffer fed by an on-off source, given that an on-period begins. This
is a simple and well-known model (see e.g. Heath et al. (1998)) [20],
and as such it provides a concise illustration of the theory developed
in the previous section. In the setting of the previous section, we have
Xy = (r—c)T,, — cT,pp and My = (r — ¢)Top.

Assume that r > ¢. We have that My = (r—c¢)T,,, X1 = (r—¢)T,,—
cTops, and My = M. Moreover r, ¢, E[T,,|, E[T,ss] are such that E[X;]
is strictly negative. Assume that [ P(T,, > u)du is subexponential.

In that case, the condition of Theorem 10 is satisfied, and we obtain

P(M >zx) ~ é/oo P((r —o)Ton > u)du

=T

= r—c/ P(T,, > v)dv
a v=z/(r—c)
r—=c
= BT P(T5 > 2/(r —¢))
r—=c¢
= D

- pP(TOTn >z/(r—c))

In the last step, use that p = E[T,,]/(E[Tom] + E[Tyf¢]), and p = rp.
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5.3. Stationary on-off source. The on-off source in the previous sec-
tion was constructed in such a way that an on-period was about to
begin at time 0. We now consider a 0 — 1 alternating renewal process
I(t),t > 0 that is stationary, i.e. P(1(0) =1) =1 is p. If the source is
on at time 0, its residual on-time is distributed as 7 , similarly, if the
source is off at time ¢, the residual off time is 77, ,. Let Ty be the time
until a first regular on-period occurs.

Note that Ty = 17, +T, 0 with probability p and note that Ty = To”ff
with probability 1 — p.

Define S(t) = rfot I(t) — ct, and set V. = sup,. S(t). Assume that
T is subexponential. We want to obtain the tail behavior of V, using
the result from the previous subsection, from which we know that

P(sup[S(t) — S(Tp)] > x) ~ p—o0

t>Ty C —

P(T! >uz/(r—c)). (85)

Since sup,.q, S(t) = 0 if I(0) = 0 andsup,.q, S(t) = (r — ¢)Tp, if
I(0) = 1, we find that

P(sup S(t) > z) ~ pP(T,, > z/(r —¢)). (86)

t<Tp

Theorem 11. In the setting of this subsection, we have

P(V.>uz) ~ <p+p%) P(T,, >z/(r—c))

= (1—p)cf

pP(TOTn > x/(r—c)).

Proof. The second line follows from the first one by a straightforward
computation, so we focus on the first line. To obtain an asymptotic
upper bound, note that

P(V.>zxz) = P(supS(t) >z or S(Ty) + sup[S(t) — S(Tp)] > z)

t<To t>Tp
< P(sup S(t) + sup[S(t) — S(Tp)] > x)
t<To t>To

~ pP((r — )Ty > 2) + p—P((r — O)T7, > z)
c—p

The third line follows from the second since the random variables are
independent and have, up to a constant, the same tail behavior. This
settles the proof of the upper bound. For the lower bound, take y > 0
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and write
P(Ve>2) = Plsup () >z or S(Ty) + suplS(t) — S(T)] >
> P({sup S() > #:S(Th) 2 g} or suplS(0) ~ S(T)] > +)
= P(fgjp OS(t> > 2;5(Th) > —y) + P(f;ljlg[S(t) = S(To)l >z +y)
~Plsup S() > 2 S(T) = ) PlouplS(0) — ST > 2 +1),

using independence where appropriate. Now observe that
P(sup S(t) > 2;5(To) > —y) = pP((r — )15, > z;(r — )5, — Tops > —y)
t<Tp

~ pP<<T - C)Torn > I)?

since 1) € L. Combining the last two displays, and using long-
tailedness of sup,., [S(t) — S(1)] completes the proof. O

This result, which is due to [21] as well as Theorem 3, will be building
blocks when considering more general models, where the number of
input processes may be more than one. This is the subject of the next
topic.

6. FLUID MODELS WITH MULTIPLE INPUT PROCESSES

In the previous section we examined the tail behavior of sup,.,.S(t)
where S(t) was the net input process of an on-off source. Theorem 3
deals with the case where S(t) is a discrete random walk, or equiva-
lently, a compound renewal process. In the present section, we examine
what happened when we superpose such input processes.

6.1. Perturbed risk models. We first examine the case where the
main input processes is a compound renewal process: Define
X(t) = zi]i(t) B;, with B;,i > 1 an i.i.d. sequence, and N(t) a (pos-
sibly delayed) renewal process). Let A be a generic inter-renewal time.
Then X (t)/t — p = E[B]/E[A].
It follows from Theorem 3 (even if the process N (t) is not a pure but
a delayed renewal process) that for ¢ > p,
P(sup[X(t) — ct] > x) ~
>0 c—p
compare this also with Theorem 6, where we implicitly assumed ¢ = 1.
Consider now an independent "noise” process Y (¢),¢ > 0 which has
stationary increments and zero expectation. We call S(t) = X(¢) +
Y (t)—ct,t > 0 aperturbed risk process, i.e., a the risk process X (t)—ct
is perturbed by Y ().

P(B" > 1), (87)



RARE EVENTS AND HEAVY TAILS IN STOCHASTIC SYSTEMS 41

Assume that B" is subexponential and assume that Y'(-) is, in a
certain sence, "nicer” than X (-) when it comes to its large deviation
behavior. In particular, assume that

P(suplY (t) — et] > ) = o(P(B" > x)), (88)

t>0

as r — 00, for every € > 0. In this case, it is natural to suspect that

sup[X(t) — ct] = sup[X(¢t) + Y (t) — ct], (89)
>0 >0

if one of the quantities is large. This is indeed the case, as is stated by
the following theorem, which has been derived by Schlegel (1998), see
Schmidli (1999) for a survey on perturbed risk models.

Theorem 12. If (88) holds, if Y (t)/t — 0 a.s., and if B" € S, then
P(sup[X(t) + Y(t) — ct] > x) ~ P(sup[X (t) — ct] > x), (90)
>0 >0

Proof. Lets begin with the upper bound, which is instructive. Think
of the fluid model interpretation. The idea is to make the system
less efficient, by dividing the total ”capacity” ¢ between the two input
processes X and Y. In particular, we take € € (0,¢ — p), and allocate
¢ — € capacity to X, and € to Y. This gives two separate fluid models,
and it is intuitively clear that the system as a whole is less efficient, i.e.
the total amount of fluid in these two systems together is more than
the total amount of fluid in the original system.

Formally, we use the subadditivity property of the sup operator, i.e.
for two functions f(t) and g(t) we have the well-known property

sup(f(t) + g(t)) < sup f(t) + sup g(2).
>0 >0 >0
In particular,

P(sup[X(t) + Y(t) —ct] >x) = P(sup[X(t) — (c—e)t +Y(t) —et] > z)

< P(Stlig[X(t> —(c—e)t] + S;lg)[Y(t) —et] > x).

Since sup,. o[ X (t) — (c—€)t] and sup,-,[Y (t) —€t] are independent, since

P(stli%)[X(t) —(c—et] >z) ~ %lp

and since (88) holds, we see that

P(B">z),  (91)

P(sup[X(t) — (¢ — €)t] +suplY (t) — €t] > z) ~ P

— P p(B > ).
t>0 t>0 c—€—p

(92)
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We conclude that

lim sup P(supyo[X(t) + Y (t) — ct] > x) < limsup 2 P(B" > 1) _ c—p
e P(Supt>0[X(t) - Ct] > l’) T 1o ﬁP(BT > 37) C—p— €

(93)

The proof of the upper bound is now completed by letting € | 0.

For the lower bound, we note that the assumption Y (t)/t — 0 a.s.
implies that inf,~[Y (t) + €t] is an a.s. bounded random variable. Ob-
serve that

stl>110)[X(t) +Y(t)—ct] = Stli%))[X(t) —(c+et+Y(t)+ et
> Stug)[X(t) — (c+e)t]+ %I;g[Y(t) + et].
Since

Psup[X (1) = (¢ +)f] > 2) ~ ﬁP(BT > ),

it is in particular long-tailed, and therefore

P(sup[X(t) — (c+ €)t] > & — inf[Y (t) + et) ~ — L P(B" > ).

>0 t>0 cte—p

We conclude that

— L_P(B">=x —
lim inf ZEWLeol X + YO —cl] > 0) o o o ( ) __e=r
z—00 P(sup,[ X (t) — ct] > z) a=os EP(BT > ) c—p+e
(94)

The proof of the lower bound is now completed by letting € | 0. 0

An example of Y (¢) can be Brownian motion, or a (normalized) claim
process where the claim sizes have a lighter tail than B. Similarly, the
theorem can be applied to the Y GI/GI/1 queue, where the input
process is a superposition of compound renewal processes. In this case,
X () will be the process with the service times having the heaviest tails,
and Y'(-) will be the normalized process containing the other processes.

Note that the process X(-) + Y (-) may not be regenerative, so it is
not obvious to apply the methods of the previous section directly.

6.2. Perturbing an on-off source. A natural question to ask is if we
can adapt the above proof to the case where X (¢) is an on-off process,
ie. X(t) =7 [ I(u)du.

The following results provides a partial answer to this question and
is a theorem due to Jelenkovic and Lazar (1999).
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Theorem 13. Let X(-) be an on-off process, with r > ¢, let Y(-)
be independent of X (-). Assume that T7, is of (intermediate) reqular
variation. Assume in addition that Y (t)/t — 0 a.s., and

P<Stli£)[Y(t> —et] > x) = o(P(T), > x)), (95)
P(stl>1[0)[X(t) +Y(t) —ct] >x) ~ P(stl;g)[X(t) —ct] > x), (96)

Proof. The proof technique we follow is due to Jelenkovic & Lazar as
well, and is similar to the previous proof: write

P(sup[X(t)+Y(t) —ct] >x) = P(sup[X(t) — (c—e)t + Y (t) — et] > x)

< P(Stlig)[X(t> —(c—e)t] + Stl;g)[Y(t) —€t] > x).

Since sup,. o[ X (t) — (c—€)t] and sup,- Y () —€t] are independent, since

f%gyxur—@—aﬂ>x»vu—pkj§jzpaa>xv—c—@x
(97)

and since (95) holds, we see that

P(sup[X (t)—(c—e)t]+sup[Y (t)—et] > ) ~ (1—p)LP(TJ’n > z/(r—c+e)).

>0 >0 c—e—p
(98)
We conclude that
P X({t)+Y(t)—ct —L—P(T,, >x/(r—c+e
imsup PEPelX O + YO —c] >2) P > 2/ )
z—00 P(sup,-o[X(t) — ct] > x) 200 LPP L >x/(r—c))

o c—p r—c
_c—p—e r—c+e

The proof of the upper bound is now completed by letting € | 0.

The proof of the lower bound can be adapted in a similar way. [

We see that the proof technique (”e-splitting) does not work if one
has on-times that are not of (intermediate) regular variation. A differ-
ent way to deal with this, has been proposed by Jelenkovic, Momcilovic
& Zwart (2004) [22]. Informally, the idea is as follows. Take a large
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value M > 0:

PlouplX() +Y(t) = ct] > 2) ~ P(sup [X(1) +Y (1) = ct] > )
< P(sup [X(H) = ct] + sup Y(t) > 2)
< P(sttig[X (t) —ct] + ts;%)xY(t) > ).

The first inequality needs to be made rigorous, by bounding P(sup;- 5, [X (t)+
Y (t) — ct] > x). This is possible, but non-trivial. The idea is now to
consider a setting where Y'(-) satisfies the assumptions of Theorem 9.

This essentially allows one to replace sup,_,, Y (t) with MO(y/z), and
square root insensitivity does the rest. If square root insensitivity does

not hold, then the asymptotics are fundamentally different. In the case

that Y'(-) is a Brownian motion, this has been analyzed by [?].

As an application, consider the case where S(t) = X (t) + Xa(t) — ct,
and X;(t) is an on-off process with peak rate r; and mean rate p;.
Assume that r; + ps > ¢, assume that the on-periods of source 1 are
regularly varying with index, and assume that the on-periods of source
2 have a lighter tail than source 1. Then

P(igg[Xl(t) +Xo(t) —ct] > z) ~ P(Stg%)[Xl(t) —(c=p2)t] > z), (100)

and the asymptotic behavior of the right hand side follows from The-
orem 11. We see that the second source can essentially be replaced by
its mean.

6.3. Multiple on-off sources. Assume now that we have multiple
statistically identical stationary on-off sources X;(-),i = 1,...,N. The
mean rate of each source is taken to be p and the peak rate is taken to
be r. Assume Np < ¢ < Nr. Define

N

VN = sup ST (1) - ],

t>0 i—1

Question is: what is the tail behavior of v 9 We will only
discuss intuition and results, we do not give proofs. First we need to
identify the most likely way overflow occurs. Intuitively, this occurs if
several very long on-periods occur simultaneously, and sources that do
not generate these on periods behave in a typical manner.

What is the drift of the process in this case? Assume the number of
long on-periods is k, then this drift which we define d(k) is

d(k)=kr+(n—Fk)p—ec.
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Define now k* = min{k : kr + (n — k)p — ¢ > 0}, and assume that
d(k*—1) <0.

The intuition is now that a subset of k* sources are responsible for
the rare event to occur, and all other sources can be replaced by their
mean. Since there are (]iv) choices to choose this subset of k* sources,
it is natural to conjecture that, if P(T,, > =) = L(z)xz~?,

N
k‘*) P(Ve(n-r)p > 1)

P(Vee(nogeyp > @)~ K(L(x)z'™)",

P(‘/c{l,...,N} > Jf) ~ (

for some constant K. These conjectures are proven in Zwart, Borst &
Mandjes [36]. The constant K is unfortunately rather complicated.

If we have heterogeneous on-off sources, it is also possible to derive
the tail behavior. Assume that sources ¢ has mean rate p;, peak rate
r; and on-times that are regularly varying of index —q;.

Let F' be a subset of {1,...,N}. How likely is the event that all
sources in F' are simultaneously on for a long time, say larger than x?
By a simple renewal argument it follows that the probability of this
event is regularly varying with index — ). (v — 1). The drift d(F)
of the system during such an event is

d(F) = Zri + ij.

ik j¢F
What is now the most likely subset of badly behaving sources? The

claim is that this is the subset /' that minimizes ), (v — 1) subject

to the constraint d(F) > 0. In [36] it is indeed shown that the tail of

AR regularly varying with index —ming.qr)>0 D ;e p(vi — 1).
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