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Prof. Alexei Kitaev

1. (10 points) Find the operators represented by the following circuits:

N

Write these operators as matrices in the standard basis. Describe what the first operator does
(it’s really simple!) Represent the second operator as

AU) = [0)(0[ @ I+ [1)(1]oU (1)
for a suitable U acting on the second qubit. Do Wy and Wy commute?

We can do this question in two ways: (i) by following the evolution of the basis states, or
(ii) by multiplying matrices. We'll calculate W; the the first way and use a mixed approach for
Ws.

(a) The basis states evolve as follows:

CNOTJ[1,2] CNOT[2,1
_ _

] b, b a) CNOTI[1,2

ja, by L b, a). (2)

Thus, Wy simply swaps the two qubits. We can also represent it by a matrix:

la, b&® a)

Wy = (3)

o O O
o = O O
o O = O
_— o O O

(b) The gates in this circuit do not change the classical value a of the first qubit. Thus, W5
can be written in the form

W = 10)(0] ® Uy + 1){1] @ Uy = (UOO Uol) (4)

where U, (a = 0,1) acts on the second qubit. Specifically, Uy = HIH = I and U; =
Ho"H = o*. We have conclude that

100 0
. o100

Wa=AMo) =10 0 1 o (5)
000 —1

It is easy to check that W; and W5 commute.
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2. (10 points) Suppose we can prepare qubits in the state |0) and act on them by the gates H,
o”, d¥, 0%, and CNOT. It’s clear that this set of operations is insufficient to create the state
1 < , 1 .
_ O+21> or _z—(o —z1>, 6
[74) \/§|> 1) n-) \/§|> 1) (6)

even up to an overall phase factor. Indeed, the operations we use have real coefficients. (Well,

: 1
almost: o¥ = —i _01 O) but we don’t care about the overall factor.)
Show that it is, however, possible to copy an unknown state |1) with respect to the basis
{|7]+), |n_)}. Hint: Using the above gate set, construct a circuit that performs A(io?), i.e.,
the controlled ioY. Prepare a suitable state in the first (controlling) qubit and send |¢) to the

second (controlled) qubit.

Let us first implement A(io?). Since io¥ = o®c”, it follows that

A(io¥) = A(o®)A(0") = : (7)
~—Hb—H{H}-&

see solution to problem 1b. Now, we apply this operator to the product of states |[+) = H|0)

(which we can construct) and |n+) (which we want to copy). Notice that o¥|ny) = £|n4).

When we act by A(ic?), the i factor is applied selectively, depending on the classical value of
the first qubit:
1

Alio") ( 7

(all the + signs are the same).

(0 m)elns) = (0 £i) o) =)okt ®

3. Computation by measurement. (10 points) Suppose we can measure an arbitrary state
with respect to this basis:

£ = -

V2

Consider the following circuit acting on a pure state |1) = co|0) + c1|1):

¢=g< 0)
Oor1 L=

- |¥)

(+e=m). e = (10 —eIn). ©

Po
0

normalized density matrices of the second qubit corresponding to the two measurement
outcomes (Trp=Trpo+Trp; =1).

a) Write the output density matriz in the form p = ( 0), where pg and p; are non-
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b) Show that Trpy = Trp; = 1/2 (which implies that each outcome occurs with probability
1/2 regardless of the input state). Now, define the normalized conditional states p, = 2p,
(x = 0,1) and interpret them as the result of application of some unitaries Uy, Uy to
|1). (Note that such an interpretation is not always possible since normalizing a state is
generally a nonlinear operation. But in this case, we are lucky.)

¢) Explain how to use this circuit together with a classically controlled o to implement the
unitary gate
Ale™™) = (1 0 ) : (10)
0 e

(Classically controlled means that maintaining coherence between the control bit states is not
necessary. In our case, we use the measurement outcome as the control.)

a) The two-qubit state before the measurement is v = |¢))(¢)|, where 1)) = ¢|00) + ¢]11).
The measurement is represented by the projectors Iy = |£,)(4] and 11} = [€_)(_|. If
there were only one qubit, we would simply compute the numbers p, = Tr(Il,7y) (a =0,1).
But since I1, only acts on one of the two qubits, the numbers are replaced by unnormalized
density matrices:

(€= 10)

pa=Tri (e ® 1)7) = |pa)(al,  where |pa) = ((6x]| @ I)|9b) = )

|¥)

(11)
where a = 0, 1 corresponds to [£4) and [£_), respectively. The expression (({|®1T) }1@ or
its graphical equivalent looks a bit confusing, so here is the exact recipe: If |£) = Y uq4la)
is some single-qubit state and [n) =, , vaplab) is a two-qubit state, then

(€@ )|n) = Z <Zu vab) ). (12)

In our case, we get

col0) + e—wcl|1>), ) = —(c0|o> - e—wcl|1>). (13)

N

=

b) We readily see that |u,) = %Uah@, where

1 0 1 0
a-(t %) u=(h %) ”

The square of the normalization factor % gives the measurement outcome probability,
whereas Uy and U; are unitary.



c) The previous result implies that if we got outcome a, the qubit has undergone the trans-
formation U,. If a = 0, we are done. If a = 1, we need to apply ¢” to fix the sign. Thus,
the application of ¢* is controlled by the (classical) measurement outcome.

4. Positivity vs. complete positivity (10 points) Let T : L(C?) — L(C?) be a superoperator
defined by the equations

r1r=1, To,=uz0,, To,=yo, To,=z0,, (15)
where x, y, z are some real numbers.
a) Find a necessary and sufficient condition for T' being positive.

b) Find a necessary and sufficient condition for T being completely positive. Hint: Use the
matrix representation.

a) Using the Bloch sphere picture, we can write an arbitrary matrix in the form

1
p:§([+F-5) (16)
with |[7] < 1. It follows that
1
Tp=—-(I+ryxo, +ryo, +1r.20,), (17)
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which is a valid density matrix provided r2z* + riy® 4 r22°. Taking 7 = (1,0,0) implies
that |z| < 1; similarly we must have |y| < 1 and |z| < 1. These conditions are also
sufficient because they imply r2z* + r2y* + 772> <77 + 72 4+ r2 < 1. Thus, T is positive
iff |2, [yl |2 < 1.

b) We write T in the matrix representation as

T(19) (k) = > Taiwnli) K. (18)

j/7kl

The matrix elements T(j/J)(k/,k) are defined by Eq. (15). In particular,

r(oyl) = 7 (757 ) = 5T = FEmol+ S mal (19)
rlo) =7 (TH) < I - g+ T ), (@)
(ol = S Eo)ar+ o), (21)
T(1)l) = 25 210)0] + 22yl (22)



Thus,

1+2 0 0 r+y

o 1 0 1l—2z x—y 0

T_§ 0 z—-y 1—-=z 0 (23)
r+y O 0 142

As discussed in class, a superoperator 7" is completely positive iff it is physically realizable,
which is equivalent to these three conditions:

1. The matrix 7' = (T)x) is Hermitian;
2. The matrix 7T is positive;
3. 22 Tisiyish) = Oy

It is clear that conditions 1 and 3 are satisfied; we must find for which values of x, y, and
z condition 2 holds. Finding the eigenvalues of T' gives four inequalities:

a

b

) r+y—z2<1,;
) r—y+2z<1;
c) —x+y+z<1;
d) —x—y—2<1.

These are necessary and sufficient for T' being completely positive. Geometrically, this
set of inequalities defines a tetrahedron with vertices (1,1,1), (1,—1,-1), (=1,1,—1),
(—1,—1,1).



